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Abstract. A key open problem with multiparty session types (MPST)
concerns their expressiveness: current MPST have inflexible choice, no
existential quantification over participants, and limited parallel compo-
sition. This precludes many real protocols to be represented by MPST.
To overcome these bottlenecks of MPST, we explore a new technique
using weak bisimilarity between global types and endpoint types, which
guarantees deadlock-freedom and absence of protocol violations. Based
on a process algebraic framework, we present well-formed conditions for
global types that guarantee weak bisimilarity between a global type and
its endpoint types and prove their check is decidable. Our main practical
result, obtained through benchmarks, is that our well-formedness condi-
tions can be checked orders of magnitude faster than directly checking
weak bisimilarity using a state-of-the-art model checker.

1 Introduction

Background. To take advantage of modern parallel and distributed comput-
ing platforms, message-passing concurrency is becoming increasingly important.
Modern programming languages, however, offer insufficiently effective linguistic
support to guide programmers towards safe usage of message-passing abstrac-
tions (e.g., to prevent deadlocks or protocol violations).
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with the corresponding process P; (role implementation). If every process is well-
typed against its local type, then their parallel composition is guaranteed to be
free of deadlocks and protocol violations relative to the global type. Notably,
common concurrency bugs as sends without receives, receives without sends,
and type mismatches (actual type sent vs. expected type received) are ruled
out statically. The MPST framework is language-agnostic: in recent years, prac-
tical implementations of MPST have been developed for several programming
languages, including Erlang, F#, Go, Java, and Scala [I8/35/36/45/46/50].

Three open problems. Many practically relevant protocols cannot be spec-
ified as global types; this limits MPST’s applicability to real-world concurrent
programs. Specifically, while the original work [33] has been extended with sev-
eral advanced features (e.g., time [7/44], security [TIUT2IT3I17], and parametrisa-
tion [I825/47]), core features still have significant restrictions: inflexible choice,
no existential quantification over participants, and limited parallel composition.

1. Inflexible choice: In the original work [33], if there is a choice between
multiple branches, the sender in the first communication of each branch must be
the same, the receiver must be the same, and the message type must be different
(i.e., no non-determinism). Moreover, each role not involved in the first commu-
nication of each branch, must have the same behaviour in each continuation. For
instance, the following global type specifies a protocol where Client c repeatedly
requests an arithmetic Server s to compute the sum or product of two numbers:

nXx. [[c—Ds:Add-s—bc:Sum-X]+[c—>s:MuI-s—«>c:Prod-Xﬂ

Here, c—s:Add specifies a communication of an Add-message (with two numbers
as payload) from the Client to the Server, while - and + specify sequencing and
branching, and square brackets indicate operator precedence. This is a “good”
global type that satisfies the conditions. In contrast, the following “bad” global
type specifies a protocol where Client ¢ repeatedly requests addition and multi-
plication Servers s; and sy via Router r (payload types omitted; r1 —19—7r3:t
abbreviates r1 —rq:t-ro—r3:t):
nX. [[cwrwsl :Add - sy —c:Sum - X] + [cwrwSQ :Mul - sg —c:Prod - X]]

Several improvements to the original work have been proposed: Honda et al.
managed to allow each role r not involved in a choice to have different behaviour
in different branches [15], so long as r is made aware of which branch is chosen in a
timely and unambiguous fashion (e.g., the previous global type is still forbidden),
while Lange et al., Castagna et al., and Hu & Yoshida managed to allow choices
between different receivers [I6I23136J40]. For instance, the following global type
(the Client directly requests the specialised server) is allowed:

uXx. [[c—bsledd~sl—«>c:Sum-X]+[c—>52:Mul-sz—bc:Prod~X]]
But, the following global type (two Clients c; and cy use Server S) is forbidden:
[cl—bs:Add~s—>c1:Sum-X]+[c1—>s:Mu|-s—«>c1:Prod~X]—|—
pX. [cz—vs:Add-s—ch:Sum-X]+[cQ—>s:MuI-s—«>c2:Prod~X]
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None of the existing works allow the above nondeterministic choices between
different senders. We call this the +-problem: how to add a choice constructor,
denoted by +, to specify choices between disjoint sender-receiver-label triples?

2. No existential quantification: Related to the +-problem is the 3-
problem: how to add an existential role quantifier, denoted by 3, to specify
the execution of 3’s body for some role in 3’s domain? For instance, instead
of writing a separate global type for 2 Clients, 3 Clients, etc., existential role
quantification allows us to write only one global type for any n>1 Clients:

nX. 3re{c | 1<i<n}.[[r—s:Add-s—7:Sum- X|+[r—s:Mul-s—7:Prod- X ||

The 3-problem was first formulated by Denié¢lou & Yoshida [22] as the dual of the
V-problem (i.e., specify the execution of V’s body for each role in ¥’s domain):
the V-problem was solved in the same paper, but the 3-problem “raises many
semantic issues” [22] and has remained open for almost a decade.

3. Limited parallel composition: The third open problem related to
choice is the ||-problem: how to add a constructor, denoted by ||, that allows
infinite branching (i.e., non-finite control) through unbounded parallel inter-
leaving? While extensions of the original work with parallel composition exist
(e.g., [T6122/23/43] ), none of these works supports unbounded interleaving. For
instance, the following global type allows an unbounded number of requests to
be served by the Server in parallel (instead of sequentializing them):

uX. Ire{c; | 1<i<n}. [[r—bs:Add . [s—w‘:Sum I Xﬂ—i—[r—bs:Mul . [s—M":Prod I Xﬂ]

Contributions. We overcome these three bottlenecks of MPST with an ap-
proach based on three key novelties: first, we have a new definition of projection
that keeps more information in the local types than existing definitions; second,
we exploit this extra information to formulate our well-formedness conditions;
third, we use an unexplored proof method for MPST, namely to prove the op-
erational equivalence between a global type and its projections modulo weak
bisimilarity. This makes the proofs cleaner and ultimately allows for more flex-
ibility (e.g., our approach can be modularly combined with traditional session
type checking, but potentially also with other verification methods, such as model
checking or conformance testing). To summarise the highlights:

— For the first time, we provide solutions to the +-problem, the 3-problem,
and the ||-problem, by presenting expressive syntax for global and local types
(formulated as process algebraic terms), a refined notion of projection, and
novel well-formedness conditions.

— Our main theoretical result is operational equivalence: a well-formed global
type behaves the same as the parallel composition of its projections, modulo
weak bisimulation. This implies freedom of deadlocks and freedom of protocol
violations of the projections. Checking this equivalence is decidable.

To our knowledge, we are the first to use (weak) bisimilarity to prove the
correctness of a projection operator from global to local types. By doing so,
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Fig. 2: Example executions of the Key-Value Store protocol

we decouple (a) the act of reasoning about projection and (b) the act of
establishing compliance between local types and process implementations;
until our work, these two concerns have always been conflated.

— Our main practical results are: (1) to provide representative protocols ty-
pable in our approach; and (2) the well-formedness conditions of (1) can be
checked orders of magnitude faster than directly checking weak bisimilarity
using mCRL2 [I0/20/29], a state-of-the-art model checker.

In Sect. [2] we present an overview of our contribution through a representative
example protocol that is not supported by previous work. In Sect. [3] we present
the details of our theoretical contribution. In Sect. 4] we present the details of our
practical contribution (implementation and evaluation). In Sect. [5] we discuss
related work. We conclude and discuss future work in Sect. [6l

Detailed formal definitions and proofs of all lemmas and theorems can be
found in our supplement [3§].

2 Overview of our Approach

Scenario. To highlight our solutions to the +4-problem, 3-problem, and |-
problem, we consider a Key- Value Store protocol, similar to those used in modern
NoSQL databases [2T127]. Specifically, our Key-Value Store protocol is inspired
by the transaction mechanism of the popular Redis database [48/49]. This pro-
tocol is not supported by any of the existing MPST works.

The Key-Value Store protocol consists of n Clients that require access to the
store, represented by role names cq, ..., ¢, and one Server that provides access to
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the store, represented by role name s. The store has keys of type Str (strings) and
values of type Nat (numbers). Fig. [2| shows valid and invalid example executions
of the protocol (n=2) as message sequence charts; it works as follows.

First, a Lock-message is communicated from some Client ¢; (1<i<n) to Server
s (Fig. arrows 1, 5); this grants c; exclusive access to the store. Then, a
sequence of messages to write and/or read values is communicated:

— To write, a Set-message is communicated from c; to s (arrows 2, 3, 11).

— To read, a Get-message is communicated from c; to s (arrows 6, 7). Then,
eventually, a Value-message is communicated from s to ¢; (arrows 8, 10), but
in the meantime, additional Get-messages can be communicated from c; to
s. In this way, the Client does not need to await the responses of the Server
to perform multiple independent requests. To indicate enough Get-messages
have been sent, a Barrier-message is communicated from ¢; to s (arrow 9),
which serves as a communication fence: the protocol will only proceed once
all Value-messages for pending Get-messages have been communicated.

The sequence ends with the communication of an Unlock-message from c; to s
(arrow 12). The protocol is then repeated for some Client c; (1<j<n); possibly,
but not necessarily, i=j. In this way, the Server atomically processes accesses to
the store between Lock/Unlock-messages.

Global and local types. The corresponding global type and local types, in-
ferred via projection (for some n), are as follows:

G =pX.3re{c | 1<i<n}.r—»s:Lock-
_[uZ. ([r—>s:Get(Str) - [s—>7: Value(Str, Nat) || Z]|+ r —>s: Barrier] - Y|

Y.
: +[r—>s:Set(Str,Nat) - Y]+ [r —s:Unlock - X

Lc, = uX. ¢s!Lock-
-[uZ. [[cis! Get(Str) - [sc; ? Value(Str, Nat) || Z]]+ ¢;s! Barrier| - Y]
I +[cis!Set(Str, Nat) - Y]+ [c;s! Unlock - X

Ls =pX.3re{c; |1 <i<n}.rs?Lock-

_[uZ. ([rs? Get(Str) - [sr! Value(Str, Nat) || Z]| 4 rs? Barrier| - Y]
+[rs?Set(Str,Nat) - Y]+ [rs?Unlock - X |

uY.

pyY.

Global type r;—rq:4(t) specifies the communication of a message labelled ¢
with a payload typed t from sender r; to receiver ro; global type G - G4 speci-
fies the sequential composition of global types G1 and Gs; global type G1 + G»
specifies the alternative composition (choice) of global types G and Gs; global
type Iref{ry,...,r}. G specifies the existential role quantification over domain
{r1,...,mn} (i-e., the alternative composition of G[ry/r] and ... and G[r,, /r|, where
GJr;/r] denotes the substitution of r; for every r in G); global type G || G2 speci-
fies the interleaving composition of G1 and G2 (free merge [4]); global type uX. G
specifies recursion (i.e., X is bound to pX.G in G).
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Local type r1r2!14(t) specifies the send of a £(t)-message through the channel
from 7 to ry; dually, local type riro?€(t) specifies a receive. Because every
Client participates in only one branch of the quantification, their local types do
not contain 3 under the recursion. In contrast, because the Server participates
in all branches, Ls does contain 3 under the recursion.

By Thm. |3| G and the parallel composition of Lc,, ..., Lc,, Ls are opera-
tionally equivalent (weakly bisimilar), which in turn implies deadlock-freedom
and absence of protocol violations. Note also that our global type for the Key-
Value Store protocol indeed relies on solutions to the +-problem (choice between
multiple clients that send a Lock-message), the 3-problem (existential quantifica-
tion over clients), and the ||-problem (unbounded interleaving to support asyn-
chronous responses of a statically unknown number of requests).

3 An MPST Theory with 4+, 3, and ||

3.1 Types as Process Algebraic Terms

We define our languages of global and local types as algebras over sets of (global)
communications and (local) sends/receives. This subsection presents preliminar-
ies on the generic algebraic framework we use, based on the existing algebras
PA [3] and TCP+REC [2]; the next subsection presents our specific instantia-
tions for global and local types.

Let A denote a set of actions, ranged over by «, and let {X;7, Xo,...,Y,...}
denote a set of recursion variables. Then, let TERM(A) denote the set of (alge-
braic) terms, ranged over by T, generated by the following grammar:

T .= 1 | o | T1+T2 | Tl'TQ | T1||T2 ‘ X | <Xk‘{X1l—>TZ}1€]> (kEI)

Term 1 specifies a skip; the grey background indicates it should not be
explicitly written by programmers (but it is used only implicitly in the oper-
ational semantics). Term « specifies an atomic action from A. Terms T + o,
T, -Ty, and T} || T» specify the alternative composition, the sequential composi-
tion, and the interleaving composition (free merge [4]; a form of parallel com-
position without interaction between the operands) of T} and T5. Terms X and
(X |[{Xi — T;}ier) specify recursion, where {X; — T;}icr is a recursive speci-
fication that maps recursion variables to terms, X} is the initial call (for Ty),
and every X; that occurs in T} is a subsequent recursive call (for T}); we write
uX. T instead of (X [{X — T}).

Let X — TERM(A) denote the set of all recursive specifications (i.e., ev-
ery recursive specification is a partial function), ranged over by F, F, and let
sub(E,T) denote the simultaneous substitution of term E(X) for each recursion
variable X in T'. Fig. 3] defines the operational semantics of terms. It consists of
two components: relation — defines reduction of terms, while relation | defines
successful termination of terms. In words, term T; + T5 is reduced by reducing
either 77 or Ty; term T - T is reduced by reducing first 77 and then T5; term



Exploring Type-Level Bisimilarity towards More Expressive MPST 7
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(b) Termination

Fig. 3: Operational semantics of terms

Ty || T» is reduced by reducing T and T interleaved; and term (X | E) is reduced
by reducing the version of E(X) where recursion variables have been substituted.
A term is [1-free if it has no occurrences of [1. A term is closed if it has
no occurrences of free recursion variables. A term T is deterministic if (1) for
every action «, there exists at most one term 7" such that T can reduce to T’
by performing «, and (2) every term to which T' can reduce is deterministic as
well. Henceforth, we consider only 1-free, closed, and deterministic terms.

We note that (A, +, -, ||) is the signature of PA [3], while (1, A, +, -, |, X, {-|-))
is a subsignature of TCP+REC [2]. As the operational semantics of terms in
TERM(A) coincides with the operational semantics of terms in (the correspond-
ing subalgebra of) TCP+REC, our languages of global and local types inherit
TCP+REC’s sound and complete aziomatisation, used in our tool (Sect. .

3.2 Global Types and Local Types

Actions. We instantiate TERM(A) to obtain languages of global and local types
by defining action sets for (global) communications and for (local) sends/receives.
Let R = {a,b,...} denote the set of all role names, ranged over by r. Let
LAB = {Lock, Get, ...} denote the set of all labels, ranged over by ¢. Let T =
{Nat, Bool, ...} denote the set of all payload types, ranged over by t. Let U =
LaAB x T denote the set of all message types, ranged over by U; we write £(¢)
instead of (¢,t). Finally, let A, and A; denote the sets of all (global) communi-
cations and (local) sends/receives, ranged over by g and [, generated by:

g n= ry—ra:U (if: ry #1r9)
U= rralU | rire?U | el (if: m1 #ro and 71 # 1 # 19)

172

Global action ry —ry:U specifies the communication of a U-message from
sender 71 to receiver ro; we note that communications are synchronous, as actions
in the underlying algebra are indivisible [2]3], but asynchrony can be encoded
(Exmp. [1} below). Local action r1r5 U specifies the send of a U-message through
channel r17ry (from 71 to r2). Dually, local action 7179 ? U specifies a receive. Local
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1,71 —r2:U) if:r € {r,r2}

ri—r2:U,[1) otherwise

Gl,G” Ga) if: split(r,G1) = (G1,GY) and GY # 11
G%) if: split(r,G1) = (G1,GY) and G =1 and
split(r, G2) = (G5,G%) and G4 # /1
(G1-G2,1) otherwise

split(r,r1 —r2:U) = {E

(
sp|it(r, Gh Gz) = (

M~ G split(r2, G) = (G',G")

h
G~ G r1—1re:U - M ~ T1‘>7117'23U'[T17‘2—1>T2:UH G/}‘G// (async ron}’)

My~ Gy L{M:}iennixy ~ G kel

(n-ary choice)

fini ion:
K(Xa Zc,[e,@) ~ ( nite recursion ba,se)
M =0(X, e, be, {{r1j,725, Mj)}jenqiy) forall i € T
Z{[rii—raitbe Mi- X]+[r1i—»raiilo Milbicr ~ G
B(X, Loy b, {{T14, 720, Gi) bier) ~ nX. G

(finite recursion: step)

L{M[ri/r]}ic1 ~ G
37‘6{7"2'}1'61. M~ G

(existential role quantification)

Fig. 4: Macros

action g7, ., specifies the idling of role r during a communication between roles
r1 and ro. The inclusion of such annotated idling actions in local types is novel;
we shortly elaborate on its purpose.

We can now define GLOB = TERM(4A,) and Loc = TERM(A,) as the sets of
all global and local types, ranged over by G and L.

Macros. As a testimony to the unique expressive power of our language of global
types, we extend it with a number of macros that can be expanded to “normal”
global types in GLOB. A macro M is generated by the following grammar:

M =G € GLOB | ri—»ro- M | Z{Mi}ie] |
H(Xaecvgev{<T1iar2i7Mi>}i€I) | Elre{ri}iEI'M

Degenerate “macro” GG is a normal global type; it is part of the grammar to nest
global types inside macros. Macro r; — 7y - M specifies an asynchronous commu-
nication from sender 71 to receiver r9. Macro L{M;};cr specifies an n-ary choice
among |I| alternatives. Macro W(X, le, le, {(r1;, 72, M;) }icr) specifies finite re-
cursion: at the start of each unfolding of recursion variable X, for some i € I,
either an /.-message is communicated from sender r1; to receiver ro; (in which
case they continue their participation in the recursion), or an f.-message is com-
municated (in which case they exit). Macro Ire{r;},cr. M specifies existential
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role quantification. Macros can be nested. Slightly abusing notation, we allow
macros to occur and be expanded freely in “normal” global types.

Fig.[d defines the macro expansion rules. We note that the left-hand side of ~
is a macro, while the right-hand side is a normal global type. We demonstrated
existential role quantification in Sect. [2} below, we give two more examples to
illustrate our encoding of asynchronous communication and finite recursion.

Ezample 1 (Asynchrony). Although communications are synchronous, we can
encode asynchrony by representing buffered channels (unordered, as in asyn-
chronous 7-calculus [32]) explicitly as roles that participate in a protocol. To
this end, assume for all r1,75 € R, there exists a role riro € R as well (to
represent the buffer from r; to r3); alternatively 172 could be any fresh name.

The following global types (message types omitted) specify paradigmatic
cases for protocols with asynchronous communications:

My =a—b-1 ~» (G1 =a—vab-ab—b
M, =a—»b-a—»b-1 ~ Gy =a—ab-[ab—+b|[a—ab]-ab—b
M3 =a—»b-b—a-1 ~ G3 =a—vab-ab—+b-b—+ba-ba—a

My =a—»b-a—b ~+ (G4 =a—vab-ab—+b-a—b

(For brevity, we omit [1 from the resulting global types; this can be incorporated
in the macro expansion rules, at the expense of a more complex formulation.)
Global type G specifies an asynchronous communication from Alice to Bob.
Global type G2 specifies two asynchronous communications from Alice to Bob;
Alice can do the second send already before Bob has done the first receive.
Global type G3 specifies an asynchronous communication from Alice to Bob,
followed by one from Bob to Alice; in contrast to G2, Bob can send only after
he has received (i.e., this encoding of asynchrony preserves causality of messages
sent and received by the same role). Global type G4 specifies an asynchronous
communication from Alice to Bob, followed by a synchronous communication
from Bob to Alice; it highlights that, unlike existing languages of global types,
ours supports mixing synchrony and asynchrony in a single global type. a

Ezample 2 (Finite recursion). The Key-Value Store protocol in Sect. [2[ does not
terminate: in its global type, the inner recursions (Y and Z) can be exited, but
the outer recursion (X) cannot. A version of this protocol that terminates once
each of the Clients has indicated it has finished using the store (e.g., by sending
an Exit-message) can also be specified.

We illustrate the key idea in a simplified example:

G, = pX. [[awc:Con . X]—&—a—bc:Exit} Gy = pX. [[bwc:Con . X]—l— b—>c:Exit]
G = uX. [[a—Dc:Con . X]+[a—>c: Exit~G2ﬂ+[b—>c:Con~X]+[b—>c:Exit . Gl]
Global type G specifies the communication of either a Con-message (to continue

the recursion) or an Exit-message (to break it) from Alice to Carol. Global type
G5 is similar. Global type G specifies the communication of a Con-message from
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L rirg ! 172 7 E: ”
) L) 25 L L) 225 L, L) S I
forall r € dom £ o U o
— 21 L LineLyne L] L L I
(a) Termination (b) Reduction

Fig.5: Operational semantics of groups of local types

Tir=T if: 1 X
I if: G e {1} U rir2\U  ifi =1 # 12

(G1xG2) [r=(G1[7)*(G2]7T) ri—re:U[r=<Smr?U ifiri Zr=ry
if: x € {+,, ||} Erqry if: ri #£r#ro

(X|E)|r=(X|Er) Elr={X—EX)|r|X €domE}
GNNR={r—GIlr|reR} ifir(G)CR#D

Fig. 6: Projection

either Alice or Bob to Carol, or an Exit-message. In the latter case, Carol stops
communicating with a role, while she proceeds communicating with the other
role. Thus, the communications between Alice and Carol, and between Bob and
Carol, are decoupled (i.e., decisions to continue or break recursions are made per
role). Macro [t generalizes this pattern to arbitrary recursion bodies. O

Groups. Finally, let R — LocC denote the set of all groups of local types (i.e.,
every group is a partial function from role names to local types), ranged over
by L. The idea is that while a global type specifies a protocol among n roles
from one global perspective, a group of local types specifies a protocol from the
n local perspectives. Fig. [5] defines the operational semantics of groups, built on
top of the operational semantics of local types; we use the f[z — y] notation
to update function f with entry z — y. In words, group L is reduced either by
synchronously reducing the local types of a sender r; and a receiver ro (yielding
a communication from ry to r3), or by reducing the local type of an idling role.

3.3 End-Point Projection: from Global Types to Local Types

A key part of MPST (Fig. [1]) is a projection operator that consumes a global
type G as input and produces a group of local types £ as output; it is correct if,
under certain well-formedness conditions, G and L are operationally equivalent.

Let r(G) denote the set of all role names that occur in G. Fig. [6] defines
our projection operator. In words, the projection of a communication r1 —r9:U
onto a role r is a send ryro!U if the role is sender in the communication, a
receive r1ro U if it is receiver, or an idling action ey ., if it is not involved;
the projections of all other forms of global types onto r are homomorphic; the
projection of a global type onto a set of roles R is the corresponding group of
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T, T T TT TOHT=ST T=T17T5LT17T" T=T
T T T T T==1T" T==1T" TS T
(a

) Termination (b) Reduction

Fig. 7: Weak operational semantics; T,7',T"” € GLoB ULoc U (R — LLoc)

projections, where the side condition implies that the group is nonempty and
contains a local type for at least every role name that occurs in G. Thus, a group
of projections of G is a partial function relative to the set of all roles R, but it
is total relative to the set of roles r(G) C R that occur in G. (We note that we
also continue to assume global types are [1-free, closed, and deterministic.)

Our projection operator is similar to existing projection operators in the
MPST literature [34], but it also differs on a fundamental account: it produces
local types with annotated idling actions. These idling actions will be instrumen-
tal in the definition of our well-formedness conditions. We note that no idling
actions occur in the local types for the Key-Value Store protocol in Sect. [2] This
is because after the idling actions have been used to establish well-formedness,
they are of no more use and can be eliminated to simplify the local types.

The following lemmas state key properties about termination and reduction
behaviour of global types and their projections: Lem. [[|states projection is sound
and complete for termination; Lem. [2] states the same for reduction.

Lemma 1. [G¢ implies (G | r) i] and [(G [ r)] implies GL]
Proof. By induction on G. a

Lemma 2. [G - G’ implies (G | r) RNy el Ir)]
and [(G]r) 417, I implies [G % G" and L =G’ | r] for some G']]

Proof. Both conjuncts are proven by induction on the structure of G, also using
Lem. [1| (needed because termination plays a role in reduction of -). O

3.4 'Weak Bisimilarity of Global Types, Local Types, and Groups

The idling actions introduced in local types by our projection operator are inter-
nal, because they never compose into communications that emerge between local
types in groups. Therefore, the operational equivalence relation under which we
prove the correctness of projection should be insensitive to idling actions.
First, let A. = {e].,, | r1 # 72 and ry # r # r2} denote the set of all in-
ternal actions, ranged over by 7,0. Second, Fig. [7] defines an extension of our
operational semantics (Fig. [3)) with relations that assert weak termination and
weak reduction (i.e., versions of termination and reduction that are insensitive to
internal actions). Third, Fig. [§| defines weak bisimilarity (=), in terms of weak
similarity (<), in terms of weak termination and weak reduction; it coincides
with the definition found in the literature (e.g., [2]), with the administrative
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([T7 = T3 and T> = T for some T3]

T, | implies T» |} or [T] X T, and o € A,] RR'C<
forall T} =5 Ty T R Ty
T 21Ty T =Tz

Fig. 8: Weak operational equivalence; 11,77, T2, T € GLoB ULoc U (R — Loc)

exception that we need the fourth rule in Fig. [7D] to account for the fact we
have multiple different internal actions. We use a double horizontal line in the
formulation of rules to indicate they should be applied coinductively.

The notion of weak reduction allows us to generalize the soundness and com-
pleteness of projection from roles (Lem. [2)) to groups of roles: Lem. [3|states (1)
if G can g-reduce to G’ and the projection of G’ is defined, then the group of
projections of G can reduce to the group of projections of G’, either directly or
with a trailing weak 7-reduction; (2) conversely, if the group of projections of G
can g-reduce to £, then G can g-reduce to G’ and either £ equals the group of
projections of G’, or it can get there with a weak reduction.

(GI'R) % (G' Il R) or
(GIIR) % L' = (G'I R)
for some L', T
L' =G IR or
L' = (G' I R)

for some G', 7

Lemma 3.

G%L G and ||
) implies
G T R is defined

[G 2y @ and

and |(G I R) % L' implies

Proof. Both conjuncts are proven by induction on R, also using Lem. O

3.5 Well-formedness of Global Types
In general, projection does not preserve weak operational semantics.

Ezample 38 (Bad protocols). The following global types (message types omitted)
specify “bad” protocols that do not permit “good” concurrent implementations:

Gi{ =a—+b+a—c Gy =a—+b-c—d
ab!+ac! ab?+4eb &5, +ac? abl-e2y ab?-e2; €5 -cd! €9y -cd?
—_— — — ——— —— e N———
Gila G1lb Gilc Gsla Galb Galc Gz |d

Global type G specifies a communication from Alice to either Bob or Carol,
chosen by Alice. This is a bad protocol, because if Alice chooses Bob, there is no
way for Carol to know (and vice versa): Carol cannot locally distinguish between
whether Alice has not made her choice yet, or whether Alice has chosen Bob.
Formally, this is manifested in the fact that Carol’s local type can at any time



Exploring Type-Level Bisimilarity towards More Expressive MPST 13

choose to perform idling action €S, (i.e., local type G [ c has two reductions,
neither one of which has priority), thereby assuming that Alice has chosen Bob.
However, Bob can symmetrically assume that Alice has chosen Caroll; As aresult,

the group projection can reduce as follows: Gy || {a,b,c} LN Ly ey L. Now,
Lo cannot reduce further, but Alice has not terminated yet. This sequence of
reductions cannot be (weakly) simulated by G;.

Global type Gs specifies a communication from Alice to Bob, followed by a
communication from Carol to Dave. This is a bad protocol, because there is no
way for Carol and Dave to know when the communication from Alice to Bob
has occurred. Formally, this is manifested in the fact that Carol’s and Dave’s
local types can at any time choose to perform idling actions, thereby assuming
that the communication from Alice to Bob has occurred. As a result, the group
projection can reduce as follows: Gz [[{a, b, c,d} Sab L1 Sab Lo 222y £y 200
L4. This sequence cannot be (weakly) simulated by Gs. O

Next, we define two well-formedness conditions that invalidate the previous
examples; in Sect. we prove that if these conditions are satisfied by a global
type G, it is indeed guaranteed that G and G [[ R are operationally equivalent
(i.e., weakly bisimilar). Instead of defining the conditions in terms of global types,
we define them in terms of projections (i.e., local types). Informally:

C For every r € R, for every choice that local type G | r has between a weak
reduction = (where [ is a send, a receive, or an idling action) and a com-
pletely unobservable weak reduction =, choosing to perform the former
does not disable the latter, and vice versa. This can be thought of as a form
of commutativity between [ and 7.

EC For every r € R, one of the following is true:

1. For every every weak reduction L. that local type G [ r can perform
(where [ is a send or a receive, but not an idling action), it can perform
a reduction . That is, if G [ r can perform [ in the future after idling
actions, it can do [ already eagerly in the present.

2. Local type G | r is the start of a causal chain: a sequence of T-reductions,
followed by a non-7-reduction, that are “causally related” to each other.

An e}, -reduction is causally related to a e, -reduction iff {ry,ro} N

{rs,r4} # 0. Globally speaking, this means communication between 73

and 74 must be preceded by communication between r; and rs.

These conditions must hold coinductively for all local types that G |[r can reduce
to. Essentially, these conditions state that by performing idling actions, a local
type can neither decrease its possible behaviour (C), nor increase it (EC-1),
unless it is guaranteed the added behaviour cannot be exercised yet, because it
is causally related to other communications that need to happen first (EC-2).

Ezample / (Bad protocols, continued). Global type G (Exmp. [3)) is ill-formed:
its projections onto b and c violate condition C. Global type Gy (Exmp. [3) is
also ill-formed: its projections onto ¢ and d violate condition EC. O
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[/1’1' ~ Ay and A] =% A and A5 =% Ag} or
[/1'1' ~ Ay and A} =% A} and a3 € AT] or
[/1'1 ~ Ay and A5 =% AY and s € AT] or
[/1'1 ~ Ay and a1, a2 € AT]

for some A7, Ay CI(4) C(A)
forall [A =5 A} and A =2 A)] forall a,7 forall A 2 A’
Cas(4) C(A)

[A” ~ A and A 2% A* =L A**] or
[A” ~A"and A 2% A* and a1 € AT} or

Chain A
for some A*, A™* ECL(A) EC(A")
forall A = A" 22, A" forall a ¢ A,, 7 forall A 2 A’
ECa3(4) EC(A)
[L,1 =Lyand [ = l2] [r(T) Nr(l) # 0 and [Chain L'ori¢ A‘Fﬂ
forall [L Uy % and L 25 Ls] forall L = L' 4 L”
Chain L

Fig. 9: Well-formedness conditions; A, A", A", A}, A}, A}, A} € LocU (R — Loc)

Fig.[9]defines C and EC formally. We define C not only for local types, but also
for groups of local types, as this simplifies some notation later on. We prove key
properties of C: Thm. [I] states commutativity of local sends/receives/idling (1) in
local types gets lifted to commutativity of global communications/idling («) in
groups of local types; Lem. {4 states weak bisimilarity preserves commutativity.

cl(c (L
Theorem 1. ~(£(r) for all r € dom £ | implies -(£)
forall [, 7 forall o, 7

and [[C(L(r)) forall r € dom L] implies C(L)]

Proof. The first conjunct is proven by induction on the rules of =. The second
is proven by coinduction on the rule of C, also using the first conjunct. a
Lemma 4. [[C}!(£1) and £y ~ £,] implies ]! (£)]

and [[C(£1) and £y = L] implies C(L3)]

Proof. The first conjunct is proven by applying the definitions of C and =; the
second is proven by coinduction on the rule of C, also using the first conjunct. 0O

We also prove key properties of Chain and EC, both of which work specifically
for groups of projections: Lem. [5| states if the projections of r; and r, are both
causal chains, they cannot weakly reduce to local types where they can perform
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reciprocal actions (r; the send; 7o the receive); Thm. [2] states eagerness of lo-
cal sends/receives (not idling) in projections gets lifted to eagerness of global
communications in groups of projections (cf. Thm. .

Chain (G [} R)(r1) = £'(r) =22% £”(r)) and] | .
Lemma 5. . o rira?U implies false
Chain (G Il R)(r2) = L'(r2) ——— L"(r2)
Proof. By induction on the rules of =. ad
ECI((G 1T R)(r)) . |ECL(G T R)
Theorem 2. mplies
foralll¢ A.,7,r €R for all o, 7

and [[EC(L(r)) forall r € dom £] implies EC(L)]

Proof. The first conjunct is proven by using Lem. [5} the second is proven by
coinduction on the rule of EC, also using the first conjunct. a

We note that, in contrast to Lem. @] for C, we do not have a lemma that states
weak bisimilarity preserves EC. Such a lemma would have been highly useful in
our subsequent proofs, but it is unfortunately false, because weak bisimilarity
does not preserve Chain. A simple counterexample, for local types, is this: L1 =
riro!U and Ly = €73, - r172!U, where {ry,ro} N {rs, 14,75} = (). While L; and
Lo are weakly bisimilar, Ly is the start of a unary causal chain, but Lo is not.
The problem here is that Chain depends on the role names associated with idling
actions, whereas weak bisimilarity abstracts those role names away.

We call a global type well-formed if each of its projections satisfies C and EC.

3.6 Correctness of Projection under Well-Formedness

We now to prove our main result: if a global type is well-formed, it is weakly
bisimilar to the group of its projections. We start by defining a relation < to
relate global types with groups of local types (denoted by R in Fig. :

C(GITR) EC(GNNR) (GIIR) =L &L C(L
G L

Here, we write £ =5 [, as an abbreviation for:
[51 ~ Ell é [,/2 ~ £2 for some [,/1, £/2] or ﬁl ~ £2

In words, £; = L means £ has a silent reduction (only 7-s) to a term that
is weakly bisimilar to Lo, or £; is already weakly bisimilar to £y (without any
reductions). Essentially, if C(G [ R) and EC(G || R), then i< relates G to a set
of groups S = {L | G L} that can roughly be characterised as follows:

— (base) G I R is in S,
— (successors) any group to which G [I R can silently reduce, is in S
— (predecessors) any group that can silently reduce to G || R, is in S
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— (pseudo-predecessors) any group that can silently reduce to a group to which
G T R can silently reduce, is in S;
— (closure) S is closed under weak bisimilarity.

The following technical lemma states if a well-formed group of projections
G II R can weakly g-reduce to some group L', then the original global type G
can g-reduce to some G’, and £’ and the group of projections of G’ either are
weakly bisimilar, or they can weakly reduce to a weakly bisimilar group £”.

Lemma 6. [[C(G I R) and EC(G || R) and (G || R) = E']]
implies [[G 2, G and (G' | R) = L' & ﬁ’] for some L”}
Proof. By induction on the rules of =, also using Lem. a

The following two lemmas state key properties of ><i: Lem. [7]states < preserves
termination (as weak termination); Lem. |8 states >t coinductively preserves re-
duction (as weak reduction). Together, these lemmas imply >t C < and >rlC =,
which in turn imply > C =.

Lemma 7. [[G 1 L and GH implies Ll}]
and [[G 1 L and EH implies G U]

Proof. The first conjunct is proven by induction on the rules of =, also using
Lem. |1} the second is proven by contradiction (assume not G |; derive false;

conclude G |; it implies G |}). O
[G' > £ and £ L L]
Lemma 8. |[G < £ and G % G'] implies ,
for some L
|G’ > L' and G = ed
and [[G L and £ % £'] implies

for some G’

and [[G < £ and £ = £'] implies G > L]

Proof. The first and second conjunct are proven by induction on the rules of =,
also using Lemmas [3H4} the third is proven by induction on the rules of =. O

Theorem 3. [C(G I R) and EC(G | R)] implies G ~ (G || R)
Proof. By coinduction on the rule of < (Fig. , also using Lemmas a

A group of local types L enjoys deadlock-freedom if it either has successfully
terminated (£ J; Fig. or can make another reduction. A group of local types
L enjoys absence of protocol violations relative to global type G if, coinductively,
every non-7 reduction of £ can be simulated by G (i.e., every communication
in the group is “permitted” by G). The following corollary relates Thm. [3| of
operational equivalence to these classical MPST properties:
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Corollary 1. If global type G is well-formed, then the group of G’s projections
enjoys deadlock-freedom and absence of protocol violations relative to G.

The key insight to understand this, is that global types are by definition free
of deadlocks (they either reduce to [1, or they never terminate; Fig. [3), while
weak bisimilarity preserves deadlock-freedom of global types in their projections
(notably, weak bisimilarity is sensitive to termination, and a group of local types
terminates only if all individual local types terminate; Fig. . Weak bisimilarity
also directly implies freedom of protocol violations.

3.7 Decidability of Checking Well-Formedness

We note our proof of Thm. [3]is non-constructive, in the sense that > is infinitely
large (i.e., for each group of local types, there exist infinitely many weakly bisim-
ilar groups). The following proposition states this is not a problem in practice.

Proposition 1. Checking C(L) and EC(L) is decidable.

The rationale behind this proposition is as follows. First, to check C(£) and
EC(L), by Thm. [If and Thm. [2| it suffices to check C(L(r)) and EC(L(r)) for
each r € dom L. For each such local type £(r), there are two possibilities.

If local type L£(r) has finite control, its state space can be exhaustively ex-
plored in finite time, so checking C(L(r)) and EC(L(r)) is obviously decidable.

In contrast, if £(r) has non-finite control, we make two observations. The
first observation is that the only possibly source of infinity is the occurrence of
recursion variables under parallel composition. The second observation is that
C and EC are true for L; || Ly if they are true for Ly and Ly separately; this is
because C and EC essentially assert a “diamond structure” on the reductions of
L1||Ls, which is precisely the operational semantics of || (Fig. [3). Thus, we can
check C(L1||L2) and EC(L1]||L2) by checking C(Ly), C(L2), EC(Lq), and EC(Ls),
thereby “avoiding” the possible source of infinity.

We note that splitting the checks for parallel composition in this way not only
ensures decidability; it also avoids exponential state explosion (in the number of
nested ||-operators in a single local type) in local types with finite control.

3.8 Discussion of Challenges

Our use of (weak) bisimilarity, plus the key insight to annotate silent actions with
additional information to keep track of choices, made the problem of proving the
correctness of projection (Thm. feasible. The major technical challenges to
achieve this were defining the right bisimulation relation (Sect. and discov-
ering corresponding well-formedness conditions (Sect. .

A naive weak bisimulation relation, Ry.ive, relates every global type only
with its group of projections. Ry .ive is sufficient to prove that every reduction
of a global type can be weakly simulated with one non-silent reduction of the
group (sender and receiver), followed by a number of silent reductions (idling
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Local types

(if well-formed)
Global type Local types

| | |
Parse .glob | Project onto | Check well- | Generate
or .scr file all roles formedness APIs in Java

Fig. 10: Overview of mpstpp

processes). In contrast, Ryaive is insufficient to prove that every reduction of the
group can be simulated by its global type, because of silent actions: if global type
G is related to group of projections £ by Ryaive, and a silent action subsequently
reduces £ to £, the simulation fails, as Ry aive does not relate G to L.

To alleviate this issue, we defined the bisimulation relation in such a way
that it relates every global type G to a group of local types that are not nec-
essarily equal to the projections of G, but every local type can be behind the
corresponding projection (the local type can reach the projection with silent
actions) or ahead (the projection can reach the local type with silent actions).

4 Practical Experience with the Theory

4.1 Implementation

Tool. We implemented a tool, mpstpp, based on the core theoretical contribu-
tions of this paper. Fig. [I0] shows a high-level overview of the tool, including the
main components (boxes) and data flows (arrows).

First, mpstpp parses an input .glob-file to a data structure for a global type
G (programmer-friendly Scribble-style syntax [35] is also supported as input).
Then, it projects G onto all roles that occur in G. Then, it checks each of the re-
sulting local types for well-formedness, depending on settings, either sequentially
or in parallel: a key advantage of the formulation of our well-formedness condi-
tions is that they can be checked modularly for every role in isolation, enabling
us to take advantage of modern multicore hardware. Finally, if the local types
are well-formed, idling actions are eliminated and typed communication APIs are
generated from the local types to enable MPST++-based programming in Java.

Optimisations. Parsing, computing projections, and generating APIs is rela-
tively inexpensive; instead, the run times of our tool are dominated by checks for
well-formedness. We therefore implemented several optimisations to make these
checks more efficient. Before we present these optimisations, we first note that
the complexity of checking well-formedness of a local type L is polynomial in
the number of successors that can be reached from L (Fig. E[)

(1) Our first optimisation targets local types with parallel composition; local
type Li || L2 is potentially a serious bottleneck, as its number of successors is
exponential in the number of nested ||-operators. Therefore, even with finite state
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spaces, we check the well-formedness of Ly || Ly by checking the well-formedness
of Ly and Ly, without explicitly considering the exponentially many successors
of Ly || L2, exploiting the same observation as with decidability (Sect. [3.7).

(2) Our second optimisation concerns computation of weak reductions. In
particular, to check whether C and EC are true for a local type L, according to
their definitions (Fig. @, we need to iterate over each of their weak reductions.
Especially if L has many 7-reductions (Fig. @, computing the set of weak reduc-
tions can be expensive. To avoid this, mpstpp computes sound (but incomplete)
approzimations of C and EC. We implemented two kinds of approximations: (a)
checking versions of C and EC where every occurrence of = in the definition is
replaced with —, and (b) checking L ~ L’ for every 7-reduction from L to L'.
Approximation (a) is sound for both C and EC (rationale: if individual reductions
can commute, sequences of reductions consisting of those individual reductions
can commute as well), but approximation (b) is sound only for C (rationale:
auxiliary relation Chain of EC is not preserved by weak bisimilarity). To ensure
soundness, thus, mpstpp never uses approximation (b) for EC.

(3) Our third optimisation targets the checks for weak bisimilarity that occur
in several places in the definitions of C and EC (Fig. E[) Instead of computing the
full reduction relations and run an algorithm to decide their weak bisimilarity
(which would be computationally costly), we take advantage of the fact that our
language of local types is based on existing algebras (Sect. that have sound
and complete axiomatisations. Specifically, to check whether two local types are
weakly bisimilar, mpstpp applies the axioms as rewrite rules and compares the
resulting normal forms for structural equality. To ensure rewriting is fast, we
sacrificed completeness (i.e., we use rewriting only to eliminate as many silent
actions as possible in a sound way, but for instance, our rewrite procedure cannot
prove that (Ly - 7) + Lo and Lo + L; are weakly bisimilar); however, for the ample
examples we tried (including this paper’s), this optimisation is highly effective.

Optimisations (2) and (3) are conservative: mpstpp may conclude C or EC is
false, even though it is actually true. While this affects completeness, soundness
is guaranteed: if mpstpp concludes a local type is well-formed, it really is.

4.2 Evaluation of the Approach

Setup. In the previous section, we formulated and proved the theoretical cor-
rectness of our well-formedness conditions (Thm. . In this section, we demon-
strate the practical usefulness through experimental evaluation in benchmarks.
Specifically, we show that checking our well-formedness conditions is faster and
more scalable than explicitly checking operational equivalence (which currently
seems the only alternative to attain the same level of expressiveness as our work).

In our benchmarks, we compare three approaches to check operational equiv-
alence between a global type and its group of projected local types:

— mpstpp-SEQ (baseline): In this approach, the mpstpp tool is used to check our
well-formedness conditions (which imply operational equivalence; Thm. (3)),
without using any form of parallel processing.
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— mpstpp-PAR: Like mpstpp-SEQ, except each projected local type is checked
in a separate thread. The fact our well-formedness conditions can be easily
parallelised in this way is an important practical advantage.

— EXPLICIT: In this approach, mpstpp is used only for parsing and projecting;
after that, we use the state-of-the-art verification tool set mCRL2 [T0/20/29]
to explicitly check operational equivalence (details below).

We identified six example protocols (details below) that can naturally be
scaled in the number of roles N (e.g., the number of Clients in the Key-Value
Store protocol). Using each of the three approaches, for each of the protocols, for
each value of N between the minimal number of roles Ny, (€.g, Nyin=2 in the
Key-Value Store protocol: the Server and one Client) and 16, we subsequently
checked operational equivalence; varying N in this way, yields insights not only in
per-case performance, but also scalability. To get statistically reliable results [31],
we repeated executions as many times as was necessary until the 95% confidence
interval was within 5% of our reported means (i.e., there is a 95% probability
that the true mean is within 5% of our reported means).

We ran our benchmarks on a machine with an Intel Xeon 6130 processor (16
cores; no hyper-threading), using Debian 9, Java 13, and mCRL2 201908.0.

Translation to mCRL2. In the EXPLICIT approach, we use mCRL2 [10/20/29]
to explicitly check if global type G and its group of projections L are opera-
tionally equivalent. Our choice for mCRL2 is motivated by the fact our languages
of global and local types are based on the same process algebra as mCRL2’s spec-
ification language, so their translation to mCRL2 specifications is direct and
straightforward. Moreover, mCRL2 is mature (e.g., used in industry [5]), and
it uses optimised, state-of-the-art algorithms to check behavioural equivalences
(e.g., [28]), so we are comparing our tool with a serious competitor.

First, we translate global type G to mCRL2 specification [G]. Then, we use
mCRL2 tools mcr1221ps and 1ps21ts to normalize [G] to a linear process spec-
ification (LPS) and generate a corresponding labelled transition system (LTS).
Because of the directness of the translation, the transition labels in the resulting
LTS are all global communication actions of the form ry —ry:U.

Second, we translate group of projections £, consisting of roles rq, ..., 7, to
mCRL2 specification [L£]. It looks as follows (in formal mCRL2 notation [29]):

v{r,;ﬂwr’j:U|1§i,j§n,i;£j,U€U}(
r{(mrjIUumrj?U)—>(r,-—c>rj:U)|1§i,j§n,i;ﬁj,UEU}([[[’(Tl)]] || || [[‘C(TTL)]D)

where each [L£(r;)] is a direct translation of local type L(r;) to an mCRL2
specification; || is a form of parallel composition that prescribes both interleaving
and synchronisation of operand actions; LI is synchronous composition of actions;
" is the communication operator that replaces synchronised local send/receive
actions 77U U ryr;7U with global communication action r;—r;:U; and V is
the allow operator that allows only global communication actions to be executed
(i.e., unsynchronized, individual send/receive actions cannot be executed).
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When translating a local type £(r;) to an mCRL2 specification [£(r;)], to
make mCRL2’s subsequent verification easier, we already eliminate as many
idling actions €. ,. as possible (modulo branching bisimulation); those that re-
main are represented as a general 7 action, because mCRL2 does not need the
additional information provided by ;. ,.,. Then, we use mcr1221ps and 1ps21lts
to generate an LPS and LTS for [£].

Third, we use mCRL2 tool 1tscompare to check if the LTS for [G] is weakly
bisimilar to the LTS for [£]. We note that normalisation to an LPS using

mcrl221ps is a requirement to use ltscompare.

Protocols. We used the following protocols in our benchmarks:

Key-Value Store (KVS): This protocol is the same protocol as the one pre-
sented in Sect. [2] except each inner parallel composition (||) is replaced with
sequential composition (-). This is because mcr1221ps does not support nor-
malisation of mCRL2 specifications where || occurs under recursion.

Load Balancer (LB): This protocol consists of a Master and a number of
Workers. Iteratively, first, a Request-message is communicated from the Mas-
ter to one of the Workers; then, a Response-message is communicated from
that Worker to the Master.

Work Stealing (WS): This protocol consists of a Master and a number of
Workers. Iteratively, a Job-message is communicated from the Master to one
of the Workers. Meanwhile, Workers can try to “steal” jobs from each other:
at any point, first, a Steal-message can be communicated from one Worker
to another Worker; then, either a Job-message (if the former Worker has a
job to spare) or a None-message (otherwise) is communicated from the latter
Worker to the former Worker.

Map/Reduce (MR): This protocol consists of a Master and a number of Work-
ers. First, in no particular order, a Map-message is communicated from the
Master to each Worker; then, in no particular order, a Reduce-message is
communicated from each Worker to the Master.

Peer-to-Peer (PtP): This protocol consists of a number of Peers. Unordered,
a Msg-message is communicated from each Peer to each other Peer.

Pub/Sub (PS): This protocol consists of a Publisher and a number of Sub-
scribers. In no particular order, a Sub-message can be communicated once
from each Subscriber to the Publisher to gain a subscription. Concurrently,
a Pub-message can be communicated from the Publisher to each Subscriber
with a subscription.

The table on.the right summarises the KVS LB WS MR PtP PS
features used in each of these protocols.

For each 1<n<15, we instantiated the + v v v
Key-Value Store, Load Balancer, Work i v v v v
I v v v v

Stealing, and Map/Reduce protocols with
1 Server/Master + n Clients/Workers.
For each 2<n<16, we instantiated the Peer-to-Peer protocol with n Peers. For
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Fig. 11: Speedups (y-axis; y>1E+40 means faster, y<1E-+0 means slower) of EX-
PLICIT relative to mpstpp-SEQ as the number of roles increases (z-axis)

each 2<n<7, we instantiated the Pub/Sub protocol with 1 Publisher and n Sub-
scribers; we did not instantiate the Pub/Sub protocol with n>7 Subscribers, as
the resulting global types are too large (their size grows exponentially in n).

Benchmark results. Figures shows the results of our benchmarks. The
z-axis indicates the number of roles; the y-axis indicates relative speed-ups. The
baselines are at y=1E+0 and y=1: above it, a competing approach is faster than
mpstpp-SEQ; below it, it is slower. We draw two conclusions.

(1) For each protocol and number of roles, mpstpp-SEQ outperforms
EXPLICIT. In the cases of Key-Value Store and Load Balancer, EXPLICIT grows
towards mpstpp-SEQ, but the growth levels off as the number of roles increases,
while EXPLICIT is still about two order of magnitude slower than mpstpp-SEQ
in the best of circumstances. In the cases of Work Stealing, Peer-to-Peer, and
Pub/Sub, the LTSs generated from the translated mCRL2 specifications were
too large to be compared (i.e., 1tscompare produced an error) beyond 7, 5, and
5 roles; this was no issue for mpstpp-SEQ. In the case of Map/Reduce, the LTSs
were small enough to compare using mCRL2’s 1tscompare, but after an initial
upwards slope for 2<N <7 roles, EXPLICIT starts to perform progressively worse.

(2) Especially for larger numbers of roles, parallelisation can yield
serious performance improvements. In the cases of Key-Value Store and
Load Balancer, mpstpp-PAR outperforms mpstpp-SEQ only with 14-16 roles; for
smaller numbers of roles, parallel execution is slower. In the worst case (Load

Balancer, 2 roles), the slowdown is roughly 139'2(‘)’7: = 3.4; we hypothesise that be-
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Fig. 12: Speedups (y-axis; y>1 means faster, y<1 means slower) of mpstpp-PAR
relative to mpstpp-SEQ as the number of roles increases (z-axis)

cause of the low absolute execution times, the cost of spawning and synchronising
threads outweighs their benefit. However, the ascending gradient indicates that
as the number of roles increases, relatively more of the total work can be paral-
lelised, yielding progressive rewards. In the cases of Work Stealing, Map/Reduce,
Peer-to-Peer, and Pub/Sub, similar trends can be observed, except y=1 is crossed
sonner. The absolute execution times for these protocols and for small numbers
of roles are higher than for Key-Value Store and Load Balancer.

5 Related Work

Multiparty compatibility. Closest to this paper is existing literature on mul-
tiparty compatibility [6124/40/42]. The key idea, initially developed by Deniélou
and Yoshida for the original MPST [23/[24], is to represent (groups of) local types
operationally as (systems of) communicating finite state machines (CFSM) [g]. A
CFSM M is a state machine where transitions are labelled with sends/receives;
a system of CFSMs S is a parallel composition where CFSMs communicate
through asynchronous buffers. Multiparty compatibility, then, is a condition on
the reachable states and transitions of a system S = (M, ..., M,): if it is sat-
isfied by S, the system is guaranteed to be safe (no deadlocks; no unmatched
sends/receives) and live (S terminates, assuming at least one M; can termi-
nate). Multiparty compatibility is a sufficient condition to guarantee safety and
liveness, but not necessary: there exist safe/live systems that are not multiparty
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compatible. Therefore, several generalisations have been proposed to cover timed
behaviour [6], undirected choice [40], and non-synchronisability [42].

The main similarities between our method in this paper and the multiparty
compatibility approach are: (1) we also use an operational interpretation of local
types; (2) we guarantee similar liveness/safety properties; (3) and we also neatly
factor out the act of checking conformance of processes to local types (resp. CF-
SMs). In contrast, we support a wider range of behaviours. Moreover, from a
practical /computational perspective, multiparty compatibility is a global condi-
tion that needs to be checked on the whole state space of a system (i.e., parallel
composition of the CFSMs), prone to exponential blow-up; our well-formedness
conditions, in contrast, are completely local and require only polynomial time to
check. The reason we do not require CFSM-like machinery in this paper is that
our operational correspondence (weak bisimilarity) is sensitive to termination:
notably, in Fig. [Bal a group of local types terminates iff every individual lo-
cal type terminates (for multiparty compatibility, proofs are done modulo trace
equivalence [24], which cannot distinguish between successful/abnormal termi-
nation and is therefore in itself too weak to show deadlock-freedom).

Expressiveness of MPST. In the original MPST theory [33], and many of
its descendants (e.g., [T4UT9J22124I25/43]), the restrictions on choices are en-
forced through a combination of syntax and additional well-formedness con-
ditions. Notably, in these works, communications in global types are specified
as 11 —7r2:{l; - G; }ier, so syntactically, it is impossible to specify choices among
senders or receivers. There exist also papers where a seemingly more general
binary -+-like operator is introduced, particularly those that support choices
among receivers [16123I36/40], but the well-formedness conditions still basically
restrict the use of + in these works to 1y —79:{l; - G;}ier or r—{r;:l; - G, }ier.

This is the first paper where well-formedness conditions do not force the use
of + into one of those two restricted forms. Moreover, our well-formedness con-
ditions are compatible with unbounded interleaving (recursion under parallel),
beyond similar operators in previous work [I6122/23]43]. An alternative approach
is to completely omit statically checked well-formedness conditions (and projec-
tion), and to only dynamically verify communication actions against global types
through monitoring, as recently proposed [30]. The language of global types in
that paper is more expressive than ours in this paper, but all verification happens
at run-time, whereas we provide correctness guarantees already at compile-time.

Session types and model checking. Recently, there has been growing interest
in using model checking to verify properties of (multiparty) session types, similar
to our use of mCRL2 as an alternative to checking well-formedness (Sect. [4.2).
Lange et al. [39] infer behavioural types from Go programs and use mCRL2 to
verify the inferred types, to establish safety properties (combined with another
tool, KITTeL [26], to establish liveness). Hu and Yoshida [36] use a custom model
checker to verify safety and progress properties of local types (represented as
CFSMs) as part of API generation in the Scribble toolchain for MPST [35].
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Closest to our use of mCRL2 is the work of Scalas et al. [52I53], where mCRL2
is used to verify properties of local types (e.g., deadlock-freedom), while a form of
dependent type-checking is used to verify conformance of processes against those
types (i.e., actors in Scala); no global types and projection are used, though (pro-
grammers write local types manually). The idea is that properties model-checked
on the types carry over to the processes. Similarly, Scalas and Yoshida [51] use
mCRL2 to model-check session environments, as a more expressive alternative
to the classical consistency condition needed to prove subject reduction. Note
that [5I, Theorem 5.15] shows that, in the case that a set of processes is typable
by a single multiparty session (i.e. a single global type), type-level properties
including safety, deadlock-freedom and liveness guarantee the same properties
for multiparty session w-processes. Hence our type-level analysis is directly us-
able to provide decidable procedures to verify session m-calculi with extended
expressiveness [51, Theorem 7.2].

6 Conclusion

A key open problems with multiparty session types (MPST) concerns expressive-
ness: none of the previous languages of global and local types supports arbitrary
choice (e.g., choices between different senders), existential quantification over
roles, and unbounded interleaving of subprotocols (in the same session). In this
paper, we presented the first theory that supports these features. Our main the-
oretical result is operational equivalence under weak bisimilarity: this guarantees
classical MPST properties for groups of local types projected from a global type,
namely freedom of deadlocks and absence of protocol violations. Our main prac-
tical result is that our well-formedness conditions, which guarantee operational
equivalence, can be checked orders of magnitude faster than directly checking
weak bisimilarity, which is demonstrated by our benchmark results.

We identify several interesting avenues for future work. First, it is useful to
extend our theory with parametrisation along the lines of Castro et al. [I8] (which
currently works only for restrictive choices); their proof technique for correctness
seems to offer substantial synergy with our bisimilarity-based approach in this
paper. Second, we aim to investigate extensions of our theory with subtyping
(e.g., in terms of weak similarity). Notably, while asynchronous communication
can be encoded in our current theory, asynchronous subtyping is known to be
undecidable [94T], so the connection between the two is interesting to explore.
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Supplement

This supplement contains formal definitions and proofs of all lemmas and theorems. The follow-
ing table defines a correspondence between lemmas and theorems in the paper and theorems in this
supplement:

The paper This supplement

Lem. 1 Thm. V.2
Lem. 2 Thm. V.3

Lem. 3 Thm. VIIL.1:2, Thm. VIIIL.1:3

Thm. 1 Thm. VII.3:2, Thm. VII.3:4
Lem. 4 Thm. VII.1:1, Thm. VIIL.5:2,
Lem. 5 Thm. VI.1
Thm. 2 Thm. VI.2

Lem. 6 Thm. VIII.2:2

Lem. 7 Thm. VIIL.3:1, Thm. VIII.4:1

Lem. 8 Thm. VIIL.3:2, Thm. VIII[.4:2, Thm. VIII.4:3
Thm. 3 Thm. VIIL.5:2
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Definitions, Lemmmas, Theorems

I Syntax

Definition I.1. R denotes a set of roles, ranged over by p, q,r, u,v.
Definition 1.2. U denotes a set of message types, ranged over by U.

Definition 1.3. A; and A; denote the sets of all global protocol actions and local protocol actions, ranged
over by ¢ and [, that satisfy the following grammar:

g == p—q:U (if: p#q)
L= pq!lU | pq?U | e, (if: p# ¢ and p # 1 # q)

A, U A; denotes the set of all protocol actions, ranged over by a. A, = {5;1 | p # q} denotes the set of
all silent protocol actions, ranged over by 7.

Definition 1.4. X denotes a set of recursion variables, ranged over by X.

Definition I.5. G and L denote the sets of all global protocols and local protocols, ranged over by G
and L, that satisfy the following grammar:

G =1 ‘ g | G1+G2 ’ Gl'Gg | G1||G2 ’ X ’ <Xk|{X1P—>Gz}z€[> (1{56])

R — L denotes the set of all groups of local protocols, ranged over by L. T = GULU (R — L) denotes
the set of all protocols, ranged over by T. E = (X — G) U (X — L) denotes the set of all recursive
protocol specifications, ranged over by F.

Definition I.6. r : T — 2% denotes the smallest function that satisfies the following equations:

(1) =0
r(p—q:U) ={p.q}
r(pq'U) ={p. ¢}
r(pq?U) ={p.q}
r(€pg) ={p.q}
(

(

(

(

(

r

r(Ty 4+ Ts) =r(Ty) Ur(Ty)
-T) =r(T) Ur(Ty)

| 73) =r(Th) Ur(Ty)

r

SRR

—

) —
r(Xe {Xs = Tidier)) = U{r(Ti) bier
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Definition I.7. fv: T — 2% denotes the smallest function that satisfies the following equations:

fv(1) =0

fv(a) =0

fv(Ty+T3) = fv(T1) U fv(T3)
fv(T - Ty) = fv(T1) U fv(T3)
(T || T») fv(Th) U fv(Ty)
fv(X) = {X}

(X, {Xi = Titier)) = U{tV(Ti) bier \ {Xi}ies
Definition 1.8. bind : E x T — T denotes the smallest function that satisfies the following equations:

bind(E, 1) ~1

bind(E, «) =«

bind(E, T} + 1) = bind(E,T}) + bind(E, T5)

bind(E,T; - T3) = bind(E,T1) - bind(E, T3)

bind(E, T} || Tb) — bind(E, T) || bind(E, T»)

bind (B, X) _ {<X|E) if: X € dom £
X if: X ¢ domFE

bind(E, (Xi [{Xi = Ti}ier)) = (Xi[{Xi = bind(E — {Xi}ier, T) Vier)
Lemma I.1.
1. bind({X; — Gi}ier,G) € G
2. bind({X; — L;}ier, L) € L
Theorem I.1.
1. fv(T) N (dom E) = 0 impl. bind(E,T) =T
2. fv(T) =0 impl. bind(E,T) =T
Proof. See Section A.
Theorem 1.2.
1. [((T) C R forall i ] and r(T) C R| impl. r(bind({X; > T;}ic; — X, T)) C R
r((X|E)) C R impl. r(bind(E, E(X))) C R
Proof. See Section B.
Theorem 1.3.
1. [f(T3) € {Xi}ies UY forall i € I and fv(T) C {X;};c;UY and X C Y
impl. fv(bind({X; — T;}ic; — X, T)) C Y
2. fv((X|E)) =0 impl. fv(bind(E, E(X))) =10
Proof. See Section C.
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II Semantics, Strong

Definition II.1. | C T denotes the smallest relation that satisfies the following rules:

Tl Tl il Ta
7o i [T e (TIARY] S (TiSeq
T 15 bind(E, E(X)) | L(r)] forall r € dom L

Definition I1.2. — C T x A x T denotes the smallest relation that satisfies the following rules:

T, = T/ T, = Ty
— [R|Act] LTl RJAL] 2772 R|AN)
a— 1 (Tl +T2) —>T1I (T1 +T2) —>T2/
T, = T/ T T, = T5
e Riset] R [RiSeq)
(Tl . Tg) — (Tl TQ) (Tl : Tg) — T2
T, = T/ T, % T}
Ll [R|Parl] 272 [R[Par2]
(11 || T2) = (T T2) (T [|'T2) = (T || T3)
bind(E, E(X)) = T’ [R|Call
(X|E)y =T
L) P55 L, L) M L L(r) = 1
p—q:U p * [R|Grpl] ET( ) [R|Grp2]
L——= Lpw— L, q— L] L5 Lr— L]
Theorem IL1. [((T) C R and T % T'] impl. r(a) Ur(T") C R
Proof. See Section D. O]
Theorem I1.2. [fv(T) =0 and T = T’} impl. fv(7") =0
Proof. See Section E. |

Theorem II.3. [fv(T) = () and [not T¢ﬂ impl. [T = T' forsome T',

Proof. See Section F. m

Definition II.3. act : T — 2* denotes the smallest function that satisfies the following equation:
act(T) ={a|T = T'}

Definition II.4. | | C T denotes the largest relation that satisfies the following rule:

[not 7] forall 7% 7'|  [|T'] forall T =T’
7]
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Theorem II.4. “[,(r)J for all r € dom E} impl. |£]
Proof. See Section G. m
Definition I1.5. Det C T denotes the largest relation that satisfies the following rule:
T{ =T} forall |T = T{ and T = Tj||  [Det(T") forall T = T'|
Det(T)

ITT Semantics, Weak (1)

Definition III.1. | C T denotes the smallest relation that satisfies the following rules:

T T 5T
Tj [WT|Base] Tllu [WT|Pre]
Definition II1.2. = C T x A x T denotes the smallest relation that satisfies the following rules:
T T T LT =1 T=T 1"
———— [WR|Base] - [WR|Pre] ~ [WR|Post]
T=1T T="1T" T="1T"
T2 T
o T [WR|Tau]

Theorem ITL1. [|7] and T = 7’| impl. |7"]
Proof. See Section H. O
Theorem II1.2. T = T'| impl. T |
Proof. See Section I. O
Theorem III.3.

LTS T 27 impl. T2 7"

2.T=T =T impl. T = T"

TT" 5T 2T or T=T"%T or
3. [T = T’ and a ¢ AT} impl. [T ST =T or T -5 T
for some T, T, 71,7

4. T= T impl. [a € act(T) for some a}
Proof. See Section J. O]
Theorem II1.4.

1 [L(p) 5 L, and L(q) £55 L] impl. £ L2E8 Llp s L, q — L]
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2. L(r) = L. impl. £ = L[r+— L]

P T L(r)= L.
" |[forall r € R

and R#@] impl. L= L[r— L' |r € R

[(Lw+— Ly, | we R])(r) = L'(r) or

l(ﬁ[wHLw | w e R))(r)=L'(r) ] and R C dom £ = dom £’
forall r € (dom£L)\ R

Llww Ly, |we€ R = L[w~— L, | we R] or

Llw— Ly, |wéeR]=Lww L, |weE R ]

impl. [

5. L= L' impl. dom £ = dom £’
L(p) Z£& £'(p) and L(q) 252 £/(g) and
HE(T) = L'(r) or L(r) = [/(r)} for some T}]
forall r € (dom £) \ {p, ¢}

6. £LL=L% £/ impl.

7. L= L' impl. Hﬁ(r) = L'(r) or L(r) = E/(r)} forall r € dom E}
Proof. See Section K.
Definition IT1.3. < C T x T denotes the largest relation that satisfies the following rule:
HT{ < Ty and T, = TQ’} for some Tz’} or
T < T, and o € A,

forall T} = T}
T 2XTh

[T1 | impl. Ty u}

Definition II1.4. ~ C T x T denotes the smallest relation that satisfies the following rule:

R,R'C= Ty R T,
T1%T2

Lemma III.1.
1. [T1 ~T, and T, q impl. Ty |

2. [Ty~ T, and Ty ] impl. 71|}

N [Tl’ ~ T, and Ty = TQ'} for some TZ'} or]
3. [Ty ~ T, and Ty = Tj| impl. ||
Ti~T, and o € AT}

) [T T and To 2 T’} - [Tl’ ~T, and T, = Tﬂ for some T{} or|
. 1~ 19 an 2 9| 1IMpl. |-

T\~ T, and o € AT}
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5. T1 =Ty impl. Ty = T

6. T~T

7. Ty =Ty impl. To ~ Ty

8 Ty ~1Ty~ T3 impl. T} =~ Tj

9. [[El(r) ~ Lo(r) forall r € R} and dom £; = R =dom Ly| impl. £ =~ L,
Theorem III.5.

1. [Tl ~'T, and T} ll} impl. 75|

2. [T~ Ty and Ty || impl. 71|
N [Tl’ ~ T, and T, = Tzl} for some TQ'} or]
3. [Ty~ T, and Ty = T]] impl. |;
T, ~T, and « € AT}

[Tl’ ~ T, and T, = Tl’} for some Tﬂ or|

4. T1 ~ TQ and T2 é T, impl. .
[ 2] Ty~ T, and «a € AT}

Proof. See Section L. O]

Definition II1.5. = C T x T denotes the smallest relation that satisfies the following rules:

T T T 5T = T"
T [TR|Base] T =7 [TR|Pre]
Theorem III.6.
1. T=T =T impl. T =, T"
2. TS T impl. T =, T'
Proof. See Section M. O]

IV Semantics, Weak (2)

Definition IV.1. = C T x T denotes the smallest relation that satisfies the following rules:

T~T =TT T~T
[WR|Starl]
T=T

[WR|Star2]

=T
Theorem IV.1.

1. Ty =T, impl. T} = T,
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2. T=T

. TST ST impl. T = T"
Proof. See Section N. |
Theorem IV.2.

L(p) 2% L£'(p) and L(g) 225 £/(g) and
1| [£(r) = L(r) forall r € (dom L)\ {p,q}| | impl. l

£ p—q:U [,* ~ E/‘|
and dom £ = dom £’

for some L*

2. [[E(r) = L'(r) forall r € dom E} and dom £ = dom E’} impl. £L= L'
Proof. See Section O. |
Theorem IV.3.

1. [Tl ~T, and T) = Tﬂ impl. HT{ ~ T, and T, = Té] for some TQ’}

2. [Tl ~ T, and T) = TQ’} impl. HT{ ~ T, and T = Tl’] for some Tl’}

Proof. See Section P. m

V Projection, Individually

Definition V.1. | : G x R — L denotes the smallest function that satisfies the following equations:

1r=1
pq!U if: p=r+#gq
p—q:Ur= {pq?U if: p#£r=gq
Epq ifi p#£r+#gq
(Gi+G2) Ir=(GiIr)+(GaIT)
(G1-Go) [r=(G1]r) (Gg ] 1)
(Gi]|G2) [r=(Gi7)[[ (G2 ]7)
Xlr=X
(X{Xi = Gitier) I'm = (X[{Xi = Gi [ r}ier)

Lemma V.1.
1. glrel,
2.Glrell
Theorem V.1. bind({X; — G, }icr, G) | r =bind{X; = G; [ }ier, G [ 7)
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Proof. See Section Q). m
Theorem V.2.

1. G| impl. (G[r)]

2. (G1r)l impl. G|
Proof. See Section R. O
Theorem V.3.

1. G4 @ impl. (Gr) 25 (G )r)

2. (Gr) A% 1/ impl. HG 4 G and L' =G [r} for some G’
Proof. See Section S. m

Definition V.2. < C (L x R) x (L x R) denotes the largest relation that satisfies the following rule:

<L’1,r1) (L5, 1) and ] l(L’l,rﬁ (LY, 7a) and ]
Ly % L] and Ly £2 L L, 4 L) and L, 2= L
for some L/, L) for some L), L)
forall g [r, € act(Ly) forall g [ry € act(Ls)
(Ly,r1) = (Lo, 72)
Theorem V .4.

1. {{G [ r1,71),(G [ r9,13)) | true} C =<
2. <G r’/’l,T’1> = <G rT’Q,T2>
Proof. See Section T. |

VI Conditions (1)

Definition VI.1. Chain C T x T denotes the largest relation that satisfies the following rule:
r(t) Nr(a) #0 and
{Chain T or a¢ AT}

forall T > T = 717"

[Tl’ =T, and o) = 052}
forall [T % 7] and T 2 Tj]

ChainT

(L(p),p) < (L(q),q) and
Theorem VI.1. |Chain L(p) = £ (p) 22— 2 L"(p) and| impl. false
(q

Chain £(q) = £'(q) 2% £"(q)
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Proof. See Section U.

Definition VI.2. EC C T x A x A denotes the smallest relation that satisfies the following rule:
7"~ T* and T 2 T* 2% T*] or
[T" ~T" and T 2% T* and o € AT} or
ChainT

forall T =% T/ 22, 7"

for some T, T
ECo.(T)

Definition VI.3. EC C L denotes the largest relation that satisfies the following rule:

[ EC,,1v(L) ] [ EC,,2u(L) ] [ EC(L) ]

forall pg?U, T forall L 5 I/
EC(L)

for all pq!U, T

Theorem VI1.2.

<,C(’I"1) T‘1> = <‘C T /g "
H 1 [forall redom/j and £ = £ —>£]

[,c" ~L* and L% L2 E**]
[c" ~ L and £ % c*}
N H(ﬁ(rl) ;1) X (L(12 ]

forall 7,75 € domﬁ

forall r{,79 € domE

impl. ] for some L* L

d T ! g 1
[forall rEdomE] and £ = £ iﬁ]

[c” ~L" and L2 0 ,c**} or
[E” ~ L and £ 2 E*]
5 “(ﬁ(m)wﬁ = <£(rz),rz>] and [ EC(L(r)) 1 and £ 25 4 E/,]

forall ri,79 € dom L forall » € dom L
impl. HE“ ~L" and L S E**] for some L, E**]

impl. ] for some L*, L

Proof. See Section V.
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VII Conditions (2)

Definition VII.1. CC T x A x A denotes the smallest relation that satisfies the following rule:
(|7 ~ T} and T{ <% T} and T; <% 7| or
{T” ~T, and T, == T, and a; € AT} or

{ ~T! and T, =5 T/ and o, € AT} or for all [T =% T) and T = Tz’]
|7

~ T, and a,ay € A,

for some T}, T

Cax(T)
Theorem VII.1.
1. [Tl ~ T, and Cg?(Tl)} impl. CZI(TQ)
2. [Ty ~ Ty and C(T)| impl. C3(T})
Proof. See Section W. O
Theorem VII.2.

[ CYUT) . . 7] = 7" and T} % 7"
1. and 7'= 1] and T = T,| impl.
|forall 7] for some 7"
_-ng!U(T) ) 1. |:T/ :*> T// and T/ pq'U T/I:|
2. and T £= T1 and T = T,| impl.
|forall 7] for some T”
Tcra?V(m . q —T/ 7" and T pq?U; T"
CAN I ( )] and T 2% T/ and T 2 T}| impl. { ! 2 }
[forall 7 | | for some 7"
T CI(T) . . ([T] = 7" and T5 = 71"
4. > and T'=1T] and T' = T,| impl.
|forall 71,7 | I for some 7"
Proof. See Section X. O

Theorem VII.3.

1. MCZT(E(T)) forall /,7| forall r € domﬁ} and L2 £, and L = E'Q}
[[£] ~ £f and £} < £} and £, 2 L}] or]
L'~ L) and £} = £ and g € AT} or
:E’l ~ Ly and £, L, and T € AT] or
:E’l ~ Ly and g,T € AT}

impl. for some L7, L5
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2. [[CIT(E(T)) for all l,T} forall r domﬁ} impl. {Ci(ﬁ) for all g,T}

3. [[CL(L(r)) forall I,7] forall r € dom L] and £ = £ and £ = L))

T

LY~ L and L] = L] and £, = 5’2’] or|
_E’l’ ~ L, and £} = L] and 71| € AT} or
_E’l ~ L) and L), = L) and 7, € AT] or

£~ L, and 7,7 € AT}

4. [[Cg(ﬁ(r)) for all 71,72} for all r € dom E} impl. [Cg(ﬁ) for all 71,72}

impl. for some L7, L5

Proof. See Section Y. |
Definition VIL.2. v CL U (R — L) denotes the largest relation that satisfies the following rules:

lCi(L)] [ (L) ] l v (L) 1

forall [, 7 forall 7,7 forall L = I/

V(L)
lczm] [ Cz(L) 1 [ /(L) 1

forall ¢g,7 forall 7,7 forall £ % [/

v (£)

Theorem VII.4.

1. {L | v (L(r)) forall r € dom L} C v

2. [\/(C(r)) for all r € dom C] impl. v (L)
Proof. See Section Z. O
Theorem VII.5.

1. {Ly| Ly~ Ly and vV (L)} CV

2. [L1 =~ Ly and v/(£y)] impl. v/ (Ly)

3. [[,1 ~ £2 and \/(£2>:| 1mpl. \/(El)
Proof. See Section AA. O
Theorem VII.6.

1. [V(£) and £ =2 L] impl. v/(£)

2. [v(£) and £ = £ impl. v/(£)
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3. [\/(E) and L2 £} and L= E/z] impl. Hﬁ’l = £" and L), 2 E"} for some E”}

4. [v(£) and £ L) and £ 2 L)) impl. [[£] = £” and £, = L"] for some L]
Proof. See Section AB. m
Theorem VII.7.

1. [v(£) and |£] and £| and £ = £'] impl. false
2. [v(£) and |£] and £| and £ = £'| impl. false

3. [v(£) and |£] and £| and £ = £'] impl. £’

4. V(L) and |£] and £|} and £ = £'] impl. £/
Proof. See Section AC. O

VIII Projection, Collectively

Definition VIIL.1. ] : (G x 2%) — (R — L) denotes the smallest function that satisfies the following
equation:

Gl {Tz'}iel = {Ti — G rri}ie[ if:

r(G) C {ri}ics #0 and fv(G) =0 and
Det(G) and [EC(G [ r) forall r ¢ {m}ig]]

Theorem VIII.1.
1. [G TR:R—L and G % G’} impl. G| R:R—~L

(GINR) % (G"Il R) or

. _\ g "
2 [GITR:R—L and G <% G'| impl. H(GHR)1>££>(G'WR)

] for some ﬁ,T]

3. (G R) % £ impl. [[G 4 ' and [ﬁ =GR or L= (G'NN R)ﬂ for some G’,T}
Proof. See Section AD. O
Theorem VIII.2.

1. (G R)Z L impl. [(G TR) % £* = L forsome E*}

[G% G and (G'[IR) = £ and L= L]

2. [V(GI'R) and (Gl R) £ L] impl.
for some L*

Proof. See Section AE. m
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Definition VIIIL.2. x denotes the smallest relation that satisfies the following rules:

VGIIR) |GIIR] (GIR =L L] V() L=L
G L

Theorem VIII.3.

1. [GNE and GH impl. £

2. [GM L and G % G’} impl. HG’ > £ and L2 5’} for some £’

3. xC <
Proof. See Section AF. O
Theorem VIII.4.

1. [L ' G and L@ impl. G|

2. [ﬁ it G and £ E’} impl. [[E' it G’ and G 2 G’] for some G’]

3. [E ' G and £ = E’} impl. £ <! G

4.t € <
Proof. See Section AG. m
Theorem VIIL.5.

1. xC =

2, [/(G 1 R) and |G || R” impl. G~ (G || R)

Proof. See Section AH. m
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Proofs

A Theorem I.1
Proof of 1.

e Al. v(T)N (domE) =10
By induction on 7" (Defn. 1.5):

e Base. T'=1
Conclude:
bind(E, 1) =11 (Defn. 1.8)
impl. bind(E,T) =T (Base)
e Base. T'=«
Similar to the proof of base T'=1.
e Base. T'=X
Conclude:
fv(T) N (dom E) = () (A1)
impl. fv(X)N (domE) =10 (Base)
impl. {X} N (domE) =10 (Defn. 1.7)
impl. X ¢ dom E -)
impl. bind(E, X) =X (Defn. 1.8)
impl. bind(E,T) =T (Base)
e Step. T'=T1+15
e F1. Conclude:
fv(T) N (dom E) = 0 (A1)
impl. fv(71+75) N (dom E) = () (Step)
impl. (fv(T}) Ufv(Tz)) N (dom E) =0 (Defn. 1.7)
impl. (fv(71) N (dom E)) U (fv(T3) N (dom E)) = 0 (-)
impl. fv(71) N (dom E) =0 and fv(T3) N (dom E) = () (-)
)

impl. bind(E,T7) =T, and bind(E,T,) =T (Induction
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Conclude:
bind(E, T) )
= bind(E, Ty +15) (Step)
= bind(E,Ty) + bind(E, 1)) (Defn. 1.8)
= T\ + T (F1)
=T (Step)

° Step. T = T1 'T2
Similar to the proof of step T' = T} + T5.

e Step. T'=T || T3
Similar to the proof of step T' =T} +T5.
o Step. T'= (Xi|{X; — Ti}icr) and ke[
e I1. Conclude:

dom(E — {X;}er) ()
= dom(E\{X — E(X) | X € {X;}jer}) ()
(dom E) \ (dom {X — E(X) | X € {X;}jer}) ()
()
()

(dom E)\{X | X € {X;}jer}
= (dom E) \ {Xj}jer

e 12. Conclude:

fv(T) N (dom E) =0 (A1)
impl. fv((X|{X; = Ti}icr)) N (dom E) =0 (Step)
impl. (U{V(T})}ier \ {Xi}ier) N (dom E) = () (Defn. 1.7)
impl. U{fv(T}) \ {X;}ier}ier N (dom E) = 0 -)
mpl. U{(F(T}) \ {X;}er) 1 (dom E)}icy = 0 )
impl. (fv(T;) \ {Xi}ier) N (dom E) = forall i € 1 -)
impl. fv(T;) N ((dom E) \ {X;}icr) =0 forall i € 1 )
impl. fv(7;) N (dom(E — {X,};er)) =0 forall i € I (I1)
impl. bind(E — {X;}er,T;) =T; forall i €1 (Induction)
Conclude:
bind(E, T) -)
= bind(E, (Xi |{X; — T;}icr)) (Step)
= (XX o bind(F — (X, ber, T bier) (Defin. 15)
= (Xp[{Xi = Titier) (12)
=T (Step)
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° Step. T = {T’i — Li}ie]

Conclude:

fv(T) N (dom E) =0
1mp1 fV({T‘i — Li}ie[) N (dom E) =0

impl. false

QED.

Proof of 2.
e Al. V(T)=10
Conclude:

dN(domFE) =0
impl. fv(T)N (dom F) =
impl. bind(E,T) =T

0

QED.

B Theorem 1.2

Proof of 1.
e Al. r(T;) CR forall ie I
e A2. r(T)CR

By induction on 7" (Defn. 1.5):
e Base. T'=1

Conclude:

(T)
impl. r(1)
(
(

r

{X HT}ﬁEI X? 1))
{X l_>T}IEI X7T))

impl. r(bind

AAIO Iﬂ

CR
impl. r(bind CR
e Base. T =«

Similar to the proof of base T'=1.
e Base. T'=X

By case distinction:

46

(A1)

(Step)
(Defn. 1.7)

(A1)
(Thm. I.1:1)

(A2)
(Base)
(Defn. 1.8)
(Base)
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e Case. X € dom({X; — T;}ier — X)
e F1. Conclude:
r(T;) C R forall i €1

impl. r(T;) C R forall i € [\ {/ | Xy € X}
impl. U{r(T;)|ieI\{{/| Xy € X}} CR

T;
impl. U{r(T;)|iel and i ¢ {i' | Xy € X}} C R
T;

impl. U{r(7;)|iel and X; ¢ X} CR

e 2. Conclude:

kel
impl.
impl.
impl.

Conclude:

U{r(T;)|i€l and X; ¢ X} CR and k€[
r((Xpy{X;—T;|iel and X; ¢ X})) CR
r((Xi|[{Xi = Titier —

X)) CR

X € dom({X; — Ti}ier — &)

impl. X e {Xi}iel
impl. X =X, and kel

impl. X = X and r((X|{X; — T;}icr —

impl. r((X [{X; — T} }ier —
impl. r((X[{X; — T;}ier —

impl. r(bind({X; — T} }icr —
impl. r(bind({X; — T} }icr —

e Case. X ¢ dom({X; — T;}icr —

Conclude:

r(T)

CR
impl. r(X)CR
X)CR

d{X; — Ti}tier —

(
(
impl. r(
impl. r(bin
(

(
impl. r(bind({X; — T} }ier — X

° Step T = T1 +T2

X)) CR
X)) CR

X)) C R and X € dom({X; — Ti}ies —

X, X)CR
X, T)) CR

X)

X, X)) CR
T)CR

X)
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Conclude:
r(T) €
impl. (T} —|—T2) CR
impl. r(T7)Ur(T3) CR
(

impl.
impl.
impl.

impl.
impl.
impl.
impl.

r(T1) CR and r(Ty) C R
[r(Ti) CR forall i € I} and r(T7) CR and r(Ty) C R

r(bind {Xz — E}ie] —
r(bind {Xz — 1—‘7:}7:6[ —

X Th+1T,)) CR
X, T))CR

r(bind({X; — T }ier — X, 71)) € R and

((bind({X; > T;}ies — X, T5)) C R

r(bind({X; — T} }icr — X, 11)) Ur(bind({X; — T }ier — X, T5) C R
r( X, 1)+ bind({X; — Ti}tier — X, T5)) CR

(

(

(
(
bind({X; T }ies —
(
(

° Step. T = T1 'T2
Similar to the proof of step T' = T} + T5.

e Step. T =T | T
Similar to the proof of step T' = T} + T5.

o Step. T'=(X;|{X; = Tj}jcs) and l € J
Conclude:
r(T) €
impl. <<Xl|{X o Tjhes)) C R
impl. U{r(7})};es C R
impl. r(7;) C R forall jeJ
impl. [[r(7}) C R forall i € I| and r(T}) C R| forall j € J
impl. r(bind({X; — T }ier — (X U{X; }jes),Tj)) C R forall jeJ
impl. r(bind(({X; = Ti}tier — &) —{Xj }yes, 1)) C R forall j e J
imnpl. U {r(bind(({X; 1 Ti}icr — &) — {Xy}yen T3 }yes € R
impl. U{r(bind(({X; — T;}tier — X) —{Xj }jes.Tj)}jes CR and L € J
impl. r((X| (X, - bind({X: = Thier — &) — {Xy0}yen, ) }ies)) € R
impl. r(bind({X; — T} }ier — X, (Xi|{X; = T;}jes))) C R
impl. r(bind({X; — T;}iecr — X, T)) CR

° Step. T = {T’i — Li}ie]
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(Defn. 1.6
(Defn. 1.8
(Step

~— — ~— ~—
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Conclude:

impl.

r(T)C R
r({ri = Li}ier) € R

impl. false

QED.

Proof of 2.

e B1l. Conclude:

impl.

impl.

r((Xx [ {Xi = Titier)) € R
Uir(Ti)}ier C R
r(T;) CR forall i €[

e B2. Conclude:

impl.
impl.

impl.

Conclude:

r(T) € R forall i € I| and r({X; — Ti}ier(X3)) € R
impl. r(bind({X; — T }icr — 0,{X; = T, }icr(X3))) € R

QED.

r((Xp{Xi = Titier)) € R
kel

r(1x) CR and kel
r({Xi = Ti}ier(Xx)) € R

C Theorem 1.3

Proof of 1.

o Al. 'FV(T;) g {Xi’}i’el U y forall 1 €1

e A3. X CY

By induction on 7" (Defn. 1.5):

49

(A2)

(Step)
(Defn. 1.6)

(B1, B2)
(Thm. 1.2:1)
)
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e Base. T =1
Conclude:
hCcy

impl. fv(1) C Y

impl. fv(bind({X; — T;}ic; — X, T)) C

e Base. T'=«

y

Similar to the proof of base T'=1.

e Base. TT=X

By case distinction:

e Case. X € dom({X; — T;}ier — X)
e F1. Conclude:

impl.
impl.
impl.
impl.
impl.
impl.
impl.
impl.

fv(T;) C{Xi}yes UY forall i €1

V(T;) C{Xy}yes UY forall i e I\ {i' | X; € X}
U{tv(Ti) [i € IN{7" | Xi € X}} C{Xi}ier UY

U{(T3) |i €1 and i ¢ {i' | Xi € X}} C{X;}ier UY
U{f(T3) |1 € and X; ¢ X} C {X;}ier UY

U{fv(Ti) i€l and X; ¢ X} C{Xi}ies UY

U{v(T;) |iel and X; ¢ X} C{X;}ic;UY and X C Y
U{fv(T;) i€l and X; ¢ X} C ({X;}ier \X)UY
U{tv(T;) i€l and X; ¢ X} \ ({Xitier \ X) C Y

e 2. Conclude:

impl.
impl.

impl.

kel

U{R(T) [ie T and X; ¢ X\ ({Xibis \ &) C Y and k e I
NXL (X > T, [ieT and X ¢ X)) C Y

V(Xp [ {Xi— Titier — X)) C Y
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Conclude:

X
impl. X
impl. X
impl. X
impl. X
impl. X
impl. fv(

fu(

impl. fv(

impl.

impl. fv(

€ dom({X; — T} }ier — &)

€ (dom {X; = Ti}ier) \ X

S {Xz‘}iel \ X

€ { X, }ier

=X, and kel

= X and FV((Xp|{X; = Ti}ier — X)) C Y

(XX, Thies — X)) €Y

(X[{Xi= Titier — &) €Y and X € dom({X; = Ti}ier — &)
bind({X; = Ti}ier — X, X)) CY

bind({X; = Ti}ier — X, 7)) CY

e Case. X ¢ dom({X; — T;}icr — &)
e G1. Conclude:

X ¢ dom({X; — T;}ier — X)

impl. X ¢ (dom {X; > Ti}ier) \ X
impl. X ¢ dom{X;— T;}ic; or X € X
impl. X ¢ dom{X; — T;}ic; or X €)Y

e G2. Conclude:

X e {Xi}iel

impl. X € dom{X; — T;}ics
impl. X €Y

Conclude:

fu(
impl. fv(
impl.
impl. X
impl. X
impl.
impl. fv(
impl. fv(
impl. fv(
impl. fv(

T) C{Xi}ier VY
X) C{X; }ier VY

{X} C{Xi}ier VY

c {Xi}ie[ or Xe)y
ey

{(X}cy

X)Cy

X)CY and X ¢ dom({X; — Ti}ic; — X)
bind({X; = T }ier, X)) C Y

bind({Xi = Ti}ier, T)) C Y

o Step. T =T+ 1>
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Conclude:

F(T) C {Xi}ies UY
TV +T5) C{X;}ier VY
T) Uf(Ty) C{X;}ier VY

impl.
impl. f
impl.

impl.

impl.

impl.
impl.
impl.
impl.

fv

and fV(Tl) g {Xi}iel U y

(
(
v(

forall i €1

and X C )Y

\'

\'

fv(bind
fv(bind

(
(
bind(
(
(

fv(bind({X; — T;}ier —

(bind({X; — T} }ier
fv(bind
fu(

(

(

e Step. T'=1T,-T,
Similar to the proof of step T' = T} + T5.

° Step T = T1 || T2
Similar to the proof of step T' =T} + T5.

e Step. T'=

o KI1.

Conclude:

)
- X, Ty)) C
{Xi — Tz‘}z‘el - )
{Xi = Titier —
{Xi = Titier —
{Xi Tiier — X

fv(Th) C{X:}ier UY and fv(Ty) C {X,}ics UY
v(T;) C{Xy}ier UY

forall 1 €17

and X C )Y

X,Tl ) Cy and

X, T )va(bmd({X — T }ier —

X, Tl) U blnd({XZ — iri}ie[ -

X T+T,) CY
T)Ccy

<Xl’{X] — ﬂ}jej> and [ € J

fv(T;) C {Xy}yer UY forall ic I
impl. fv(T;) C{Xy}tier U({Xj}jesUY) forall i el

e K2. Conclude:

X

cy

impl. {X;}ye;UX C{ Xy} s UY

[fV(Ti) C{Xy}tirer VY

and fV(Tg) Q {Xi}iel U y

X, T5))

cy
XaTQ)) cy
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(A2)
(Step)
(Defn. 1.7)
)

(A1, A3)

(Induction)

(-
(Defn. 1.7

(Defn. 1.8
(Step

)
)
)
)
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Conclude:

(1) C{Xitier UY (A2)
impl. fv((X;|{X; = Tj}jes)) S {Xi}ier UY (Step)
impl. U{fv(T})}jes \ {X;}jes S{Xitier VY (Defn. 1.7)
impl. U{N(T})}jes € {Xi}ier U ({X;}jes U DY) )
impl. fv(7;) C {X;}ier U ({Xj}jesUY) forall jeJ (-)

[Av(T}) € {Xi}rer U({Xj}jes UY) forall i€ 1]
impl. |and fv(T;) C {X;}icr U ({ X }jes UY) forall j e J (K1, K2)

_and {Xj’}j’EJ UX g {Xj/}j’ej U y
[fv(bind({X; = Titier — ({Xj}jes UX), Tj)) C

impl. (X, }reyUY _] forall j€J (Induction)
1mp1 fV(bInd(({Xz — T;}ie[ — X) — {Xj/}j/eJ, T;)) g {Xj/}j/ej U y for all ] - J (*)
impl. fv(bind(({X; — T;}tier — X) —{Xj }ies, T;)) \ {X; }jes CY forall jeJ (-)
impl. U {fv(bind(({Xi — Titier — X) — { Xy }jer, Tj)) \ {Xj }yestjes €V (=)
impl. U {fv(bind(({Xi = Ti}tier — X) = {Xj}yes. i) bies \{Xj tyes €Y =)
tmpl. U {fv(bind({X; = Tihies — &) — {X; }yess L) }jes \ {X;}yes CY and  (Step)
lelJ
1mp1 fV((Xl | {X] — blnd(({X, — E}ie[ — X) — {Xj/}j/ej, E)}j€J>) cy (Defn. I?)
impl. fv(bind({X; — T }ier — X, (Xi[{X; = Tj}en)) C Y (Defn. 1.8)
impl. fv(bind({X; — T;}ic; — X, 7)) C Y (Step)
e Step. T'={r;— L;}icr
Conclude:
fv(T) C{Xi}icr VY (A2)
impl. fv({r; = Li}icr) € {Xi}icr VY (Step)
impl. false (Defn. 1.7)
QED.
Proof of 2.
o Al. V(X [{X;— Titicr)) =10
e B1. Conclude:
V(X[ {X; = Ti}ier)) =0 (A1)
impl. U{V(T})}ier \ {Xi}ticr =0 (Defn. 1.7)
impl. U{fv(T})}ier € {Xi}ier =)
impl. U{fv(T;) \ 0}ic;r € {X:}ics UD (-)
impl. fv(T;)\ 0 C {X;}ic; UD forall i e[ (-)
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e B2. Conclude:

V(X [{Xi = T }ier) =0
impl. ke[

impl. fV(Tk) \ 0 - {Xi}iel U and kel

impl. fv({X; = Ti}icr(X3)) \ 0 C {Xi}icr UD

Conclude:

[FV(T)\ 0 C {Xi}ies UD forall i € I and

V({X: = Ti}ier(Xp)) \ 0 C{X;}ics UD

impl. [fv(T;)\ 0 C {Xi}ic; UD forall i € I| and

v({Xi = Tihier(Xi)) \ 0 € {Xitier U0 and 0 C 0
impl. fv(bind({X; = Ti}icr — 0,{Xi = Ti}ies(Xy))) €0
impl. fv(bind({X; — TiYier, {X; — Tibier(Xe))) = 0

D Theorem I11.1

Proof.
e Al. r(T)CR
e A2. T 5T
By induction on A2 (Defn. I1.2):

e Base. [R|Act] T=a and 7" =1

Conclude:

(
impl. r(«a)
impl. r(«)
impl. r(«a)
(@)

impl. r

e Step. [R|Altl] T=T1+T, and T' =T,

and Ty = T}

o4

(Thm. 1.3:1)
)
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Conclude:
r(T) C
impl. r(T} —|—T2) CR
impl. r(77) U (TQ) CR
Ty) C

impl. r(7}) C R and T} = T
impl. r(a)Ur(T]) C R
impl. r(a) Ur(T")C R

(
(
(
impl. r(
(
(
(

e Step. [RIAIt2] T=T1+T, and T' =

Similar to the proof of step [R|Alt1].
e Step. [R[Seql] T'=T,-T» and T"

e F'1. Conclude:

impl. r
impl. r

impl. r

Conclude:

r(Ty) C R and Ty = T}
T))C R
THuUr(Tz) CR
T!-T,) C R
CR

impl. r(«
impl. r

(T
(a)
impl. r(«a)
(a)
(a)

impl. r

Step. [R|Seq2] T =T,-T> and T’
Similar to the proof of step [R|Alt1].

Similar to the proof of step [R|Seql].

Similar to the proof of step [R[Seql].

Step. [R|Parl] T =TT, and T' =

Step. [R|Par2] T =T, ||T, and T’ =

Ty, and Ty, = T}

:T{TQ and T1 i)Tll

=T, and T} ] and T, = T}

Tl, H T2 and Tl i} Tll

Tll || TQ and T2 i) TQI

Step. [R|Call] T = (X |{X; — T;}ic;) and

bind({X; = T} }ier, {Xi = T }ier (X)) =T

95
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Conclude:

r(T) C
impl. r((Xk]{X — Titier)) € R
(

impl. r(bind({X; — T} }icr, {Xi — T }ier(X1))) C R

impl. r(bind({X; — T;}icr, {Xi — Ti}ier(Xy))) € R and

bind({X; = Ti}ier, {Xi = T }ier( X)) = T'

impl. r(a)Ur(T") C R

e Step. [R|Grpl] T=L and T"=L[p+— L,,q— L] and o = p—¢q:U and
L(p) 222, L, and L(q) 2= i L

Conclude:

impl. r(£) =
impl. false

e Step. [R|Grp2] T=L and T"=L[r — L)] and o = ¢,

Similar to the proof of step [R|Grpl].
QED.

E Theorem I1.2

Proof.
e Al. fV(T) =10
e A2. T & T
By induction on A2 (Defn. 11.2):
e Base. [R|Act] T=«a and T =1

Conclude:

fv(1)

L)=10
impl. fv(T") =10

e Step. [R|Altl]] T=T1+7T, and T' =

T, and T} = T}

and L(r) e [/

o6

(Induction)

(A1)

(Step)
(Defn. 1.6)

(Defn. 1.7)
(Base)
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Conclude:
fv(T)=10
impl. fv(T) +T3) =0
impl. fv(T}) Ufv(Tz) =0
impl. fv(T}) =0
impl. fv(T}) =0 and T} = T}
impl. fv(T]) =0
impl. fv(T') = ()

e Step. [RIAIt2] T=T1+T, and T' =

Similar to the proof of step [R|Alt1].
e Step. [R[Seql] T'=T,-T» and T"

e F'1. Conclude:

2
N~
N~—
s

(
impl. fv(T; - Tg) =
impl. fv(T}) Ufv(Tz) =0

(

impl. fv(Ty) =0 and fv(T3) =0

e 2. Conclude:

'FV(T1> =
impl. fv(7T]) =

Conclude:

e Step. [R[Seq2] T =T,-T, and T"
Similar to the proof of step [R|Alt1].

e Step. [R|Parl] T=T1| 1T and T' =

Similar to the proof of step [R|Seql].

e Step. [R|Par2] T =T1| T, and T’
Similar to the proof of step [R[Seql].

Ty, and Ty = Ty

:T{TQ and T1 i)Tll

=T, and T} ] and Ty, = T}

Tll || T2 and Tl i) Tll

:Tll ||T2 and T2 i) TQI

o7

(A

1)
(Step)
(Defn. 1.7)
)

(Step)
(Induction)
(Step)

(F1, Step)
(Induction)

(Defn. 1.7)
(Step, F1, F2)
)
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e Step. [R|Call] T = (X;|{X;~ T;}ics) and
bind({X; = T} }ier, {Xi = T }ier (X)) =T

Conclude:

fv(T) =
impl. v((Xk|{X = Titier)) =0
impl. fv(bind({X; — T;}icr, {Xs = T;}ier(Xk)))
impl. fv(bind({X; — T;}icr, {Xi = Ti }ier(X ))) and
bind{X; = Titier, { X = Titier(Xp) — T
impl. fv(T') =0

e Step. [R|Grpl] T=L and T"=L[p— L,,q— L] and o = p—¢q:U and
L(p) 222 L, and L(q) 2= i L

Conclude:

fv(T)=10
impl. fv(£) =0
impl. false

e Step. [R|Grp2] T=L and T"=L[r — L] and o = ¢, and L(r) Shay L,

Similar to the proof of step [R|Grpl].
QED.

F Theorem I1.3

Proof.
e Al. fV(T) =10
e A2. not T

By induction on T' (Defn. 1.5):
e Base. T'=1

Conclude:

L
impl. T']

impl. false

o8

(A
(Step
(Thm. 1.3:2
(Step

1)
)
)
)

(Induction)

(A1)

(Step)
(Defn. 1.7)

(T|One)
(Base)
(A2)
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e Base. T =«

Conclude:

a1
impl. T 5 11

impl. T % &'

e Base. T =X

Conclude:

fv(X) = {X}
impl. fv(T) ={X}
impl. fv(T) #0

impl. false

o Step. T =T, + T}

e F'1. Conclude:

Thl or Th|
impl. (71 +13))
impl. T']

impl. false

e 2. Conclude:

fv(T)=10
impl. fv(T1 +13) =
impl. fv(71) Ufv(Ty) =0
impl. fv(7}) =0 and fv(T3) =0

Conclude:

not [T1¢ or Ty ¢]
impl. [not T H and [not Ty i]

impl. [fv(Tl) = () and {not T ¢ﬂ and {fV(Tg) =( and {not T iﬂ

impl. [Tl 2 T' for some T’,&} and [TQ 2 7' for some T’,d]
impl. (T} + T

impl. T % T

2 T' forsome T, &

99

(R|Act)
(Base)
(3G", 3a)

(T|Alt1, T|ALt2)

(Step)
(A2)

(-

(F2
(Induction
(RJAlt1, R|ALt2
(31", 3a

(Step

~— ~— — ~— S
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° Step. T = T1 'T2

e G1. Conclude:

T1 i and T2 J/
lmpl. (T1 . Tg) \L

impl. T']

impl. false

e G2. Conclude:

fv(T)=10
impl. fv(T}-Ty) =0
impl. fv(Ty) -fv(T3) =0
impl. fv(7}) =0 and fv(T3) =0

e G3. Conclude:

not Tl\l,
impl. fv(71) =0 and [not T, H

impl. T} % T}

impl. (T} -Ty) % T7 -
impl. (T}-T) % T

15

e G4. Conclude:

not 75|
impl. fv(T;) =0 and {not Ty L}

impl. T, % T}

e G5. Conclude:
T,] and [not T ¢]
impl. 71| and T, % T
impl. (T} -T5) % T}

Conclude:

not |7y | and T, ]

impl. [not T4
impl. [not Tl

}o
}o

r {not T L}
r [T1¢ and [not T @]

impl. (T} -Ty) 2 T"

impl. T % T

60

(G2
(Induction, 377, &
(R|Seql

)
)
)
(37)

(G2)
(Induction, 373, 3a)

(G4, 3T}, 3a)
(R|Seq2)
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° Step. T = T1 H T2

e H1. Conclude:

T1) and 15|
impl. (71 || T3) (T|Par)
impl. 7] (Step)
impl. false (A2)

e H2. Conclude:

fv(T) = (A1)
impl. fv(T} || T: ) 0 (Step)
impl. fv(T})U ( n) = (Defn. 1.7)
impl. fv(T}) =0 and fv(Tg) =0 (=)
Conclude:
not [T1¢ and T, q (H1)
impl. [not T, L} or {not T, L} -)
impl. [f (T1) =0 and {not Ty Lﬂ or [fv(TQ) = and [not T iﬂ (H2)
impl. [T 2 T" for some T" oz} or [TQ 2 T' forsome T’ oz} (Induction)
impl. (T} || Ty) % T’ forsome 1", & (R|Parl, R|Par2)
impl. (71| Ty) % T (377, Ja)
impl. T % 7" (Step)

o Step T = <Xk|{Xz — E}i6]> and kel

e I1. Conclude:

kel (Step)
impl. Xk S {Xi}ie[ <7>
impl. X € dom{X; — T} }ier (=)

e I12. Conclude:

bind({X; — Ti}ier, {Xi — T bier (Xi)) L
impl. (X, [{X; — T;}icr) 4 (T|Call)
impl. T | (Step)
impl. false (A2)
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e I3. Conclude:
v(T)=10
impl. fV(<Xk ’ {Xi — Ti}i61>) =0
Conclude:
Xy, € dom {X; = Ti}ier
impl. fv(bind({X; — T;}icr, X)) =0 and
[not bind({X; > Ti}ier, {Xi = Tiier(Xi) ]
impl. bind({X; — T;}icr, {Xi — TiYier(Xp)) 25 T
impl. (X, [{X; = Thier) 5 T’
impl. T % T
e Step. T'={r; — L;}icr
Conclude:
fv(T) =10
impl. fv({r; — L;}icr) =0

impl. false

QED.

G Theorem 11.4

Proof.
e Al. |L(7)] forall # € dom L
e B1l. Conclude:
|L(7)] forall # € dom L
impl. Hnot L(7) i] forall L(7) IR IA/} forall 7# € dom L
impl. [not L(#) ] forall L(#) = L

e B2. Conclude:
L5 L
impl. £(7) IR L
impl. 7 € dom £ and £(7) 5 [/
impl. 7 € dom £ and [not L(T) H

62

(A1)

(Step)
(Thm. 1.3:2)

—
]
[t

SN—

—
[
w

=

(Induction, 377, 3&)
(R|Call)
(Step)

(A1)

(Step)
(Defn. 1.7)

(A1)
(Defn. 11.4)

)

(3£, 3a)

(R|Grpl, R|Grp2, 3L’ 37)
=)

(B1)
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Conclude:
not L]
impl. £} and £ % £ (Defn. 11.4, 3£', 3@)
impl. [£(#)| forall # € dom L] and £ % L' (T|Grp)
impl. [E(f)L forall 7 € dom E} and 7 € dom £ and {not L(T) i] (B2, 3r)
impl. £(7)] and {not L(T) i] -)
impl. false =)
QED.
H Theorem III.1
Proof.
o Al. |T|
e A2. T=T
By induction on A2 (Defn. I11.2):
e Base. [WR|Base] T = T’
Conclude:
7] (A1)
impl. |T"] forall T % 7" (Defn. 11.4)
impl. 7| (Base)
e Step. [WR|Pre] T 5 T* =T’
Conclude:
7] (A1)
impl. |T"] forall T % 7" (Defn. 11.4)
impl. |T™] (Step)
impl. |T*] and T* = T’ (Step)
impl. |[7T"] (Induction)
o Step. [WR|Post] T =% 7% T T’
Conclude:
|T] and T = T* (A1, Step)
impl. |T"] (Induction)
impl. |1"| forall T* % 7" (Defn. 11.4)
impl. [7T"] (Step)
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e Step. [WR|Tau] T = T’
Conclude:
|T] and T = T
impl. |T’|

QED.

I Theorem III1.2

Proof.
e Al. T =T

e A2. T
By induction on A1l (Defn. I11.2):
e Base. [WR|Base] T = T"
Conclude:
T T |
impl. T
e Step. [WR|Pre] T 5T =T
Conclude:
T =T |
impl. 77|
impl. T % |
impl. T'|
e Step. [WR|Post] T = T 21T’
Conclude:
T % T
impl. T
impl. T = T* )
impl. T
e Step. [WR|Tau] T = T
Conclude:
TS T
impl. T

QED.

64

(A1, Step)

(Induction)

(Base, A2)
(WT|Pre)

(Step, A2)
(Induction)
(Step)

)

)
(WT|Pre)
)
)

(Induction

(Step, A2)

(Induction)
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J Theorem II1.3

Proof of 1.
e Al. TS T
e A2. T'=T"
By induction on A1l (Defn. I11.2):

o Base. [WR|Base] T 5 T'

Conclude:
TST =T (Base, A2)
impl. T = T" (WR|Pre)

e Step. [WR|Pre] T 5T =T

Conclude:

T™"=T =T (Step, A2)
impl. T* = T" (Induction)
impl. T -5 T* = T" (Step)
impl. T =% 7" (WR|Pre)

o Step. [WR[Post] T < T* T

Conclude:
™ 5T =T (Step, A2)
impl. 7" = 7" (WR|Pre)
impl. T = T = T" (Step)
impl. T = T" (Induction)

o Step. [WR|Tau] T = T

Conclude:
T=T =T (Step, A2)
impl. T = T" (Induction)

QED.
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Proof of 2.
e Al. T=T
e A2. T'=T"
By induction on A2 (Defn. I11.2):
e Base. [WR|Base] T' = T"
Conclude:
TST17 7"
impl. T = T"
o Step. [WR|Pre] T’ % T Z 7"
Conclude:
T=T 5T
impl. T = T*
impl. T = T*= T
impl. T = T"
e Step. [WR|Post] T' = T* = T
Conclude:
T=T ST
impl. T = T*
impl. T = T* % T"
impl. T = T"
e Step. [WR|Tau] 7" = T"
Conclude:
T=T 31T
impl. T = T"

QED.
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(A1, Base)
(WR|Post)

(A1, Step)
(WR|Post)
(Step)

)

(Induction

)
(Inductlon)
(Step)
(WR|Post)

(Step, A1)

(Induction)
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Proof of 3.
e Al. T=T
o A2. a¢ A,

By induction on A1 (Defn. I11.2):
e Base. [WR|Base] T = T’

Conclude:
TT (Base)
impl. T2 T* ST 2T or T2 T %5 T or (3T, 3T, I, I7)

T T 2T or TS T

e Step. [WR|Pre] T 5 TT 2 77
Conclude:
Tt % T" and « ¢ A, (Step, A2)
impl. 7T Z TF 2, TM T or TM 2 T % T/ or (Induction, 37%, 3T, 35, 35,)
Th =% TH T or TV & T’

impl. T 5 Tt 7P 4 TH 2 7 oor T L THZ TS T or (Step)
TL TS Tii:>T’ or T—>TT—>T'

impl. T2 7t & TH 2 7 or T2 TH 5 T or (WR/|Pre)
T I T2 TH 22 T’orT—>TT—>T’

impl. T2 7% % TH 2 7 or T2 TH 25 T or (WR|Base)
TS TS THZ T or TS THS T

impl. T2 T ST 2T or T2 T %5 T or (3T, 3T, 37, 3I7)
T2 T 2

impl. T T ST T or T T 5T or THT* 2T or TS T (-)

e Step. [WR|Post] T = T 5 T
Similar to the proof of step [WR|Pre].

e Step. [WR|Tau] a=7 and T = T’

Conclude:
TEA; (Defn. 1.3)
impl. a € A, (Step)
impl. false (A2)

QED.
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Proof of 4.

Al. TS T

By induction on A1l (Defn. I11.2):

QED.

K

Base. [WR|Base] T 5 T’
Conclude:
TLT
impl. 7€ {I|T 5 T}
impl. 7 € act(7T)
impl. & € act(7)

Step. [WR|Pre] T 5 T* =T’
Conclude:
TLT
impl. 7€ {l| T4 T%}
impl. 7 € act(T)
impl. ¢ € act(7T)
Step. [WR|Post] T <% T = 1"
Conclude:
T = T
impl. & € act(7T)
Step. [WR|Tau] T = T’
Similar to the proof of step [WR/|Post].

Theorem 111.4

Proof of 1.

U
Al L(p) 2% 1

U
A2. L(q) E= L,

68

(Base)
)

(Defn. 11.3)
(35)

Qe

(Step)
(Induction, 35)
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e B1l. Conclude:

pq!'U

L(p) Z= L, and L(q) &= L,
impl. £(p) 22U, L, and L(q ):> L, and pq!U,pq?U ¢ A,

(L(p) 224 [ 227 [ Ze2 ) or £( ) b [ 22U 1) or
tmpl. | L(p) el L e L or L(p) 2= L,

(L(q) 22 L 219 [ Za2y [ or L(g) 25 [F 27

L(g) 255 Ly 222 [ or L(g) 255 L,

(Thm. I11.3:3, L, ALy, ALy, 3Ly,

impl. [ﬁ(p) SUE Ly 2= 22U, L SUEN L, and L(q) =& = ety [ P, pa’l Ly S L’} or

L(p) L& Ly 200 [ o2 [ and L(g) 225 LY 2200

E(p)% Ly 2= U L**—TL%L' and £(q) 2% L**—TL%L'}

[ﬁ(p) S Ly M=, RN L S L, and E(q) RLACINY ¥ }

L(p) 2% Ly M5 I, and L(q) 225 Ly M55 Ly 223 1] or

:E(p)%i; RN L, and L(q) =% Luly [ L’}

[E(p) e Ly RN L, and L(q) 2= L R L’]

:ﬁ(p) — L RN , and L(q) =— RN ] or

:E(p) RN L — L) and L(q) 22 el [x 22 pa? L SIEN L’}

L(p) 225 Ly 22 I and L(q) 22 L) 2% L)) or

:ﬁ(p) RLAIN L S L, and L(q) = RAALN L RN L;} or

:E(p) 220, L S L, and L(q) “— 2ty L;} or

L(p) 225 L, and L(q) 2 Ly 220 [ 22 1) or

:E(p) RLAN L), and L(q) EEEY E; RLAUN L;] or

:L'(p) RN L), and L(q) el L = L;} or

:E(p) BN L, and L(q) patt L;}

e B2. Conclude:

L(p) 25 L
impl. £ =% Llp+— f};]

e B3. Conclude:
L(p)

LN L;, and L(q) SIAUNy

impl. p,q € dom L

!
q

and
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(A1, A2)
(Defn. 1.3)

E|7—1o 1, ElTp 25 EleLla Equ,?)

)

(HE;, 37,1)
(Thm. I11.4:2)

(A1, A2)
)
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e B4. Conclude:

L(p) 2%

impl. p # ¢

e B5. Conclude:

q
impl. L(q

L,

L(q) 2 L7
);i%iz and p € dom £ and p # ¢

impl. (Lp+— L7])(q) =2 L]

impl. L[p s Y] 225 Llp s LY)[g > L]

impl. L[p— E;] SUEN Llp— i;] [q — Z;] and p #q
impl. L[p — L] Z5 Lp— L}, q — L]

e B6. Conclude:

L3 P20, I8 and L§ 27, I8 (3LS, 3L, 3LE, IL)
impl. f/f, 2V, [~/§)§ and I:(% RN E?ﬁ and p,qg € dom L and p # g (B2, B3)
impl. (L[p — L8, ¢+ L)) (p) 2% LY and (Lp > LY, q — L8))(q) 225 L% ()
impl. L[p — ii, qr f}g] 2a:U, Lp — ZE, qr Eg] [p— Z~}]§D§, q i2§] (R|Grpl)
impl. Llp+— L5, q— L] 224U Llp e LS5, g~ L5 )
impl. L[p— ii, q— E?]] NS Llp— [~/Z§)§, q— E?ﬁ] (WR|Base)

e B7. Conclude:

!

el

*
P
impl. L}

—~

impl.

==

" =% [ and p,q € dom L and p # q
Llp = Ly g = L) 22 L,

impl. L[p— E;*, q Eg] 22 Llp E;*, q Eg][p = L]

impl. L[p — E;*, q— ig] Ze2 Llp L, q— ﬂg]

e B&. Conclude:

j

*
q
*
q

impl. L**

z L;
232 L;

and p,q € dom L and p # q

impl. (L[p— LY, ¢+ L3])(q) 22 L,

impl. Llp+ LS, ¢+ L] 222 L[p— LY, q — L3¥][q — L]

impl. Lp — EE, q f};*] SR N Zi, q— Ly

70

(A1)
(Defn. 1.3)



K THEOREM II1.4

e B9. Conclude:
L3 2205 I8 and £(q) 2% L%
impl. L§ gV L§§ and L(q) 2= L§§ and p,q € dom L and p # q
impl. (ﬁ[p}—>L§])( ) 224y Lfﬁ and (,C[pHLE])( ) 22, I3

impl. L[p+— l~)§] pa:l, Lp— EE][p = E1§)§7 q—= f,?f]

impl. L[p — L8] 2225 Lp s L¥, g s L)

impl. L[p— fﬁ] Sind BN Lp — Z?}, qr E?ﬁ]

e B10. Conclude:
L(q) 25 L
impl. £ =% Llg— L]
e B11l. Conclude:

1§7§ and L§ L§§
pg!U zz§7§ and L§ pq? L§§ and p,q € dom,C and p #q
])(p) AL L§§ and (L'[q'—>L§])( ) F— L<§1§

impl. £
impl. (L[g+— L
impl. L]

impl. L[g— L}
impl. L[g — Lz

e B12. Conclude:
L(p) 2= L§§ and L(q) 2= L§§
impl. £ 220 Llpws L g L?f}
impl. £ 2220 Lp— £1§0§, qr E?ﬂ
By case distinction on B1 (3L, 3L**, L7, IL:*, 37,1, A7,2, 3741, EIqu):
e Case. L(p) =5 L} 2atU, Ly 2% [ and L(q) = L) H— pg

Conclude:

L(p) 2L [p P20 2+ Ze2 1) and L(q) 25 L 207 i D )
(B2, B5, B6, B7, BS)

impl. £ =25 Lp+— L) 2L Llp — L;,q— L;] and

Lp— Ly, qw L*] S LN Lp— L) g LZ*] and

Llp— L q— L7225 Lp— L, g L] 22 Lp— L, q— L)

impl. £ 2220 Llp~ L), q— L;"] and

L[p L**7 q— L] 2225 L[p — L, q~— L] =22 Lp — L, q— L

impl. £ == E[ = Ly, q— L]

L** TL:12 L/
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(3L, ALY, AL
(B2, B3

(-

(R|Grpl

(-

(WR|Base

~— ~— ~— — — v

3Lz, 37,1)
(Thm. I11.4:2)

(3L§§ 3L§ ElL§§
(B2, B3

(
(R|Grpl

(-

)
)
)
)
)
(WR|Base)

(3L, 3LES)
(R|Grp1)
(WR|Base)

(Case)

(Thm. 111.3:1)

(Thm. 111.3:2)
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e Case. £(p) Tl L; M L;* Tp2y L; and E(q) Tad, LZ pq?U I/

q

Conclude:
L(p) 2L [p P20 1 Ze2 17 and L(g) 25 Lp 2% 1) (Case)
impl. £ =25 Lp+— L] =L Llp — L;,q+~ L;] and (B2, B5, B6, B7)
Lp— Ly, q~ LZ] :ind LN Lp— L7, qw— L;] =22 Llp L;,q — L;]
impl. £ L2558 Llp s L q s L] 22 Llp s L) g v L] (Thm. I11.3:1)
impl. £22L8 Llps L g — L) (Thm. 111.3:2)

e Case. L(p) =25 L} 22U, Ly =22 [ and L(q) 2ty Ly =% L,

Conclude:
T x pq'U )k T pq?U *x T

L(p) == L, == L, =22 L, and L(q) = L;" =% L, (Case)

impl. £ 2L Lp — L] 22L5 Llp s L ¢~ L] and (B2, B9, B7, B8)
Llp— L, q— L] 222 L[p — L;, q— L] 22 Llp — L;, q Lfl]

impl. £2=2L8 Llp s L, g~ L] and (Thm. I11.3:1)
Llp— L), q— L] 22 Llp — L;, q— L] =2 Llp — L;, q Lfl]

impl. £ L£=2L% £p s L,q~ L] (Thm. I11.3:2)

o Case. [,(p) Tl L; M L;* T2y L; and E(q) pq?U I/

q

Conclude:

L(p) =2 Ly LN Ly 22y L), and L(q) pa?U, L, (Case)
impl. £ 225 L[pws L] 2228 Llp s L g L] 225 Llpes L, g~ L] (B2, B9, BY)
impl. £ L£=E% Llp s L q s L] 222 Llp s L) g v L] (Thm. 111.3:1)
impl. £ L2L5 Llpes L) g L] (Thm. 111.3:2)

o Case. L(p) 25 L5 M0 [/ and L(q) 22 L} 227 [ 22 1)
Conclude:

L(p) =2 Ly LN L, and L(q) RN L pa?U, Ly L2y L (Case)
impl. £ 25 Lp— Li] =5 Llp— L) g~ L;] and (B2, B5, B6, B8)

Llp— Liqrs L) 2228 Llp s L g s L] 22 Llpes L) g L)
impl. £ 225 Llpes L g L] 22 Llp s L), g+ L] (Thm. I11.3:1)
impl. £L£2L8 Llpes L) g — L] (Thm. 111.3:2)

e Case. ,C(p) %}L;M[J; and »C(Q) Tq.1 LZ pq?U I/

q



K THEOREM II1.4 73

Conclude:
L(p) =2 Ly ralU, L), and L(q) Sl L pa?U, L (Case)
impl. £ 225 Llp s L] 25 Llpes L g L) 2225 Llpes L g L] (B2, B5, B6)
impl. £ L2L5 Llp s L) g L] (Thm. 111.3:1)

e Case. L(p) =5 L} RLEUN L), and L(q) R ELUN Ly =% L,

Conclude:

L(p) =25 L 2atU, L, and L(q) a9, L =2 L (Case)
impl. £ 225 L[p s L] 2228 L]p — L g L] 2225 Llpes L,q— L] (B2, B9, B8)
impl. £ 2220 Llp— L, q— LY =5 Lp— L, q— L) (Thm. I11.3:1)
impl. £ L=E% Llp s L) g L] (Thm. 111.3:2)

o Case. L(p) 25 [ MY [/ and L(q) 2% L
Conclude:

L(p) =5 L) RLEUN L), and L(q) R ELUN L, (Case)
impl. £ 2L L[p— L] 22L5 Llpes I g s L] (B2, B9)
impl. £L=£% Llp s L g L] (Thm. 111.3:1)

o Case. L(p) 2% L 22 [} and L(q) 25 L7 270, [ 2wz )
Conclude:

L(p) 2% L5 22 [ and L(q) 22 L 200 L e [ (Case)
impl. £ 225 Llg s L] 2225 Llps L, g~ L] and (B10, B11, B7, B8)

Llp— L q— L7225 Llp— L, g L] 22 Lp— L, q— L)
impl. £L2L8 Llpsy L, g~ L] and (Thm. 111.3:1)

Llp— L q— L7225 Llp— L, g L] 22 Lp— L, q — L)
impl. £22L8 Llpes L) g — L) (Thm. 111.3:2)

e Case. L(p) ralU, Ly 22, L, and L(q) —ly L »?Y, L,
Conclude:

L(p) B/ LN Ly 22 [ and L(q) =5 L; BN L, (Case)
impl. £ 25 L[g e L] Z225 Lp s L g L] and (B10, B11, B7)

Llp— L q— L] =% Lp— L, q— L)
impl. £ L2L5 Llp s L g s L] 22 Llp s L) g v L] (Thm. 111.3:1)

impl. £L2L8 Llpes L) g — L) (Thm. 111.3:2)
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e Case. L(p) 2% Ly 2% [ and L(q) 2a?Y, Ly =2 [

Conclude:

L(p) 2% Ly L2 [ and L(q) P55 Ly 22 1
impl. £ Lol Llp L), q— L;"] and

Llp— Ly q— LY 2% Lp— L, q— L] =2 Lp— L, q— L)
impl. £ L=L£% Llp s L) g L]

WU, par Tpo U
e Case. L(p) X= L* 2% [ and L(q) = L,

q
Conclude:

L(p) 2V, Ly 2% [ and L(q) mtY, L
impl. £ L=E% Llp s L q s L] 222 Llp s L) g v L]
impl. £L22L8 Llps L g — L]

e Case. L(p) 2% L, and L(q) =& L; a?l, Ly =% L,
Conclude:
pg!U T x Pa?U, ek T
L(p) = L, and L'(q) =L Ly H— L =5 L,
impl. £ 2L L[g— L] Z=28 Llpes L) g+ L] and
Lp— L, q— L] =5 Lp— L, q— L)
impl. £L2L5 Llpes L g L] 22 Llp s L) g+ L]
impl. £ L£=E% Llp s L) g L]
e Case. L(p) 2% L, and L(q) =& L} BRI )

q
Conclude:
pq!U Tq.1 « pq?U
L(p) = L, and L(q) === L; = L,
impl. £ =5 Llg— L] L8 Ly L,q~ L]
impl. £ L=L5 Llp s L) g L]

o Case. L(p) 2% L, and L(q) 2t Ly =2 [,
Conclude:
L(p) 2% L, and L(q) 255 Ly L2 1
impl. £ L2E5 Llpes L g L] 22 Llp s L) g v L]
impl. £22L8 Llpes L) g — L)
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(Case)
(B12, B7, BS)

(Thm. 111.3:2)

(Case)
(B12, B7)
(Thm. I11.3:2)

(Case)
(B10, B11, B8)

(Thm. II1.3:1)
(Thm. I11.3:2)

(Case)
(B10, B11)
(Thm. II1.3:1)

(Case)
(B12, BS)
(Thm. I11.3:2)
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o Case. L(p) 2% L, and L(q ) 2

q
Conclude:

L(p) 25 L, and L(q) 2= L,
impl. [ 2=2C Llp— Ly, q+— L]

QED.

Proof of 2.
e Al. L(r)= L.
e B1. Conclude:
L(r)= L
impl. » € dom L
By induction on A1l (Defn. I11.2):
e Base. [WR|Base] L(r) = L.
Conclude:
L(r) = L
impl. £ = L[r+— L]
impl. £ = L[r+— L]
e Step. [WR|Pre] L(r) = L*Z L
e D1. Conclude:
L(r) = L
impl. £ 5 L[r — L]
e D2. Conclude:

r € dom L
impl. L7 = (L[r— L
impl. L7 = (L[r— L;
impl. (L[r— L])(r) =
impl. (L[r— L])(r) =

D)
D(r) and LF = L!
Llr— L][r— L]
L

[r— L]

T

Conclude:

LT Llres LY < Llr— L)
impl. £ = L[r+ L]
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(Case)
(B12)

(A1)

(Base)
(R|Grp2)
(WR|Base)

(Step)
(R|Grp2)

(B1
<,
(Step

(Induction

(,

~— N N~ ~—

(D1, D2)
(WR|Pre)
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’

e Step. [WR|Post] L(r) = L* — L
e E1. Conclude:

L(r)= L*
impl. £ = L[r— L]

e E2. Conclude:

L RN L and r € dom L
impl. (C[r — L) (r) =5 L.
impl. L[r— L] =5 L[r— L*][r — L]

,T/

impl. Llr— L] — L[r+— L]

Conclude:

LI Llre L] s Llr v L]
impl. £ = L[r+— L]

e Step. [WR|Tau] L(r) = L.

Conclude:

L(r)= L.
impl. £ = L[r— L]
impl. £ = L[r+— L]

QED.

Proof of 3.
e Al. L(f) = L/(7) forall # € R
e A2. R#0
e B1l. Conclude:
reR

impl. L(7) = L'(7)

impl. £ = L[F > L'(7)]

impl. £ = L[F— L'(P)]| 7 e {r}]

By induction on |R|:
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(Step)
(Induction)

(E1, E2)
(WR|Post)

(Step)
(Induction)

(WR|Tau)

&
(A1
(Thm. I11.4:2

(,

~— — '
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e Base. |R| =0

Conclude:

R#0
impl. |R| >0

impl. false

e Base. |R| =1

e D1. Conclude:

Rk ={r}
impl. 7€ R
impl. £ = L[f— L'(?) |7 e {F}]

Conclude:

Rl =1

impl. R = {r}
impl. R = {f} and £ = L[} — L'(F) ]| € {F}]
impl. £ = L[f+— L'(F) |7 € R)

e Step. |R| >1

e E1. Conclude:

FeER
impl. 7 € R and { () = L'(7) forall 7 € R}
) forall 7 € R|
) forall # € R\ {7}]

= L'(7) forall # € R\ {F}

E/
Ll

) =

impl. 7 € dom £ and [/J( =

impl. 7 € dom £ and [ﬁ =
)

impl. (L[7— L'(7)])(?

e E2. Conclude:

rE€R
impl. |R\ {7}] = R - 1
impl. |R\ {r}|+1=|R|
impl. |[R\{r}|+1>1
impl. |R\ {7}| >0
impl. [R\ {7}| # 0



K THEOREM II1.4

e E3. Conclude:
FeER
impl. [R\{7}| < |R|
e E4. Conclude:
TeR
impl. [(L[F — £'(7))(7) = L/(#) forall # € R\ {i}| and
R\{f} #0 and |R\{F}| <|R|
impl. L[F — L'(F)] = L[F— L'(F)][f — L'(F) |7 € R\ {F}]
impl. L[F — L'(F)] = L[f — L'(?) |7 € R]
impl. L[f — L'(7) | # € {F}] = L[} — L'(F) | 7 € R]
Conclude:
|R| > 1
impl. 7 € R
impl. £ = L[F v+ L'(F) |7 € {Ff}] = L[F— L(?) |7 € R)
impl. £ = L[f— L'(7?) |7 € R)
Proof of 4.
. AL H(ﬁ[w +— Ly | W € R))(r) = L'(r)
(L[ +— Ly | @ € R])(r) = L'(r)

e A2. RCdom/(

e A3. dom L = dom /L
By induction on |(dom £) \ R|:
e Base. |[(dom L)\ R| =0

e C1. Conclude:
L[W +— Ly | ® € dom L]
= {W— Ly | w € dom L}
= {W— Ly | we domL'}
= L[ Ly | 0 € dom L]
e C2. Conclude:
|(dom L)\ R| =0
impl. domL C R
impl. dom£L C R and R C dom L
impl. dom£L =R
impl. dom £ = R = dom £’

" forall r e (dom L)\ R
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(37)
(E1, E2, E3)

(Induction)
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Conclude:

Al%LwllUER]

e Step. |(dom L)\ R| >0

e D1. Conclude:

W+ Ly | @ € dom L]
0

= L[+ Ly | @ € dom L']
= L'+ Ly | @ € R

@ Ly | % € R < L' — Ly | @ € R] or
=L'[0— Ly | W € R)

79

w € (dom L)\ R

| v € R][w — L'(w)] or

impl. (L[ — Ly | € R))(w) = L' () o

impl. L[+~ Ly |0 € R = L0~ Ly
(L[ — Ly | ® € R])(w) = L' (w)

e D2. Conclude:

true

impl. [[(L[iw — Ly | @ € R])(r) = L'(r) or
|l Lo |0 € () = £(7)

impl. [[(L[w +— Ly | @ € R))(r) = L'(r) or
(L[ — Ly | @ € R])(r)=L'(r)

impl. [[(L[w — Ly | @ € R])(r) = L'(r) or
(£l L | 0 € R)(r) = £(7)

r (L[w— Ly | € R])(w) = L' ()

forall r € (dom L) \ R]

forall r € ((dom L)\ R) \ {w}]

- forall r € (domZL)\ (RU {ﬁ)})}

(3w)
(A1)

(Thm. 111.4:2)

e D3. Conclude:

€ (domL)\ R
impl. @ € dom L
impl. @ € dom L'

impl. w € dom £ and

impl.

e D4. Conclude:

€ (dom L)\ R
impl. @ € dom L

|

(L[ — Ly | @ € R))(r) = L/(r) or
(L[ — Ly | @ € R))(r) = £'(r)
forall r € (dom L)\ (RU{w})

(L[ — Ly | @ € R][w v~ L'(0)])(r) = L(r)

[(ﬁ[w — Ly | 0 € R][w — L' (0)])(r) = L'(r) o r]]
forall r € (dom L) \ (RU {w})

impl. R Cdom/£ and w € dom L

impl. RU{w} C dom L

|
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e D5. Conclude:

€ (dom L)\ R (30)
impl. !((dom L)\ R)\{w}| <|[(dom L) \ R| (=)
impl. [(dom L)\ (RU{@})| < [(dom L) \ R| =)

e D6. Conclude:

w e (dom L)\ R (Fw)
(L[ Ly | @ € R][@ — L'(0)])(r) = L'(r) or
impl. |[(L[® — Ly | ® € R]|[w — L'(w)])(r) = L' (r) and (D3, D4, A3, D5)
forall r € (dom L) \ (RU {w})
RU{w} CdomL =dom /L' and |(dom L)\ (RU {w})| < |(dom L)\ R|

impl. L[+ Ly | € R][w — L' (0)] = L[ — Ly | © € R][w — L' ()] or
L[ Ly | @ € R|[w— L'(0)] = L[ — Ly | ® € R|[w+— L' (w)]  (Induction)
impl. L[+ Ly | W € R][w — L'(@0)] = L[ — Ly | ® € R] or (-)
LW Ly |0 € R)[w— L'(0)] = L[+ Ly | € R
Conclude:
|(dom L)\ R| >0 (Step)
impl. @ € (dom L)\ R (Fw)
. L[ Ly | € R = L[ Ly | @ € R|[w+— L' (0)] or
impl. [(ﬁ[w s Ly | € R)(@) = ( ) ] and (D1, D6)

.
) (@

FWHLMQEMW
@

L'(w)] = L[~ Ly | 0 € R] or

L'(w)] = LW+ Ly | € R

impl. L[+ Ly |0 € R] = L[+ Ly | % € R+ L' (0)] = L[+ Ly | % € R] or
L+ Ly | € R = L[+ Ly | ® € R] or
Ll Ly | 0 € R[> (L[ — Ly | @ € R)(W)] = L[ — Ly | © € R] or
L[+~ Ly | ® € R][w — (L[~ Ly | ® € R])(w)] = L[ — Ly | © € R| (-)

impl. L[~ Ly |® € R = L[ — Ly |0 € R] or (Thm. II1.3:1)
L+ Ly | 0 € R)[@ +— (L[ — Ly | @ € R)(w)] = L[ — Ly | € R] or
L[+~ Ly | ® € R][w— (L[~ Ly | ® € R])(w)] = L[ — Ly | © € R

impl. L[ Ly |® € R = L/[&0— Ly |0 € R] or (Thm. II1.3:1)
LW+ Ly |w € R = L[+ Ly | ® € R

QED.

Proof of 5.
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e Al. L= L
By induction on A1l (Defn. I11.2):
e Base. [WR|Base] £ = L'

Conclude:

L5 L (Step)
impl. £'=L[p— L, G L] or £ =L[F+ L] (Defn. 11.2, 3L, 3L, 3L!, 3p, 3G, IF)
impl. dom £ =dom L[~ L, G~ L] or dom L' = dom L[ — L!] (-)
impl. dom L' = dom L -)

e Step. [WR|Pre] £ 5 L* = L

e D1. Conclude:

L (Step)
impl. £* = L[F s L] (R[Grp2, 3L, 3F)
impl. dom £* = dom L[F — L] (-)
impl. dom £* = dom L =)

e D2. Conclude:

L= L (Step)

impl. dom £* = dom £’ (Induction)
Conclude:

dom £ = dom £’ (D1, D2)

e Step. [WR|Post] £ = £* T [
e E1. Conclude:

L= L (Step)
impl. dom £ = dom L (Induction)

e E2. Conclude:

£* 5 L (Step)
impl. £ = L[ +— L] (R|Grp2, 3L, 3F)
impl. dom £’ = dom L**[F + L] (-)
impl. dom £ = dom £L** =)
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Conclude:

dom £ = dom £’ (E1, E2)

e Step. [WR|Tau] £ = L

Conclude:
L= L (Step)
impl. dom £ = dom £’ (Induction)
QED.
Proof of 6.

o Al. [L2LL
By induction on A1l (Defn. I11.2):
e Base. [WR|Base] £ 2=2Y, o
e C1. Conclude:

=Lp— L(p),q— L(q)]

impl. L(7) :~£’(f) forall 7 € (dom L)\ {p,q} (-)
impl. [[£(7) = L/(7) or L(F) = ( )| for some 7| forall 7 € (dom £) \ {p,q} (=)
Conclude:

L % L (Base)
impl. £(p) 2% £'(p) and L(q) *= L'(q) and L' = Lp+ L'(p),q+ L'(q))  (R|Grpl)
impl. £(p) 2% £/(p) and L(q) 2Z% £/(¢) and (WR|Base, C1)

mﬁ( ) = L'(F) or L(F) = ,C/(T’)} for some ﬂ forall 7 € (dom L) \ {p, q}}

o Step. [WR|Pre] £ Iy £* £=LL
e D1. Conclude:

Lr =1l o (Step)
impl. £*(p) 2% £/'(p) and £*(q) 225 £'(¢) and (Induction)
M‘C*( ) = L(7) or L(F) = E’(T)} for some %] forall 7 € (dom L")\ {p, q}}



K THEOREM II1.4

e D2. Conclude:

LY = L[F — L*(7)]

impl. (L[F — £*(7)])(p) 255 L'(p) and (L[F — L*(7)])(q) 225 £(q) and
H( [ L*(F)])(7) = L(7) o ] o some %1
(L7 = L5(P)(F) = L'(F)
forall 7 € (dom L[F — L*(7)]) \ {p,q}
impl =p and £*(p) 2% £/(p )} or L(p) 5 (P)

) —
— ¢ and £(q) Z2% £'(q)] or L(q) 22 £/(g)
mp =7 and L(7) & L'(7)] or L(7) S L/(7) or]
=7 and L£(7) = L'(#)] or L(7) = L(7) _
for all P e (domﬁ[f — L (~)]) \ {p, q}

() S L >} or ﬁ(r) = ﬁ’(r) or
) = ﬁ’(f)} or L(#) = L(7)
forall 7 € (dom L)\ {p,q}

and

and

for some %]

and

| and

for some %]

83
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Conclude:

L5 L (Step)
impl. £(7) = L£*(F) and L* = L[F — L*(7)] (R|Grp2, 3r)
impl Hﬁ(f) s L*(F) and 7 =p and L*(p) ol £’(p)} or L(p) el L’(p): and

Hﬁ(f) Ty £*(7) and 7 = ¢ and £*(q) 2% E’(q)} or L(q) 2% £’(q)} and

[[[c(7) = £*(7) and 7 =7 and £*(7) & £'(7)] or L(7) Z L'(7) or]]]

{E(f) = L*(7) and 7 =7 and L*(F) = E’(f)] or L(7) = L'(7) (D2)
for some 7

I forall 7 € (dom L)\ {p,q} |
impl. [[£(p) > L*(p) £ L/(p)] or L(p) ££5 L'(p)] and ()

[£(9) T £7(q) 255 L'(q)] or L(q) £ L/(g )} and

[[lc) = £7(7) S £'#)] or L(7) S L'(7) or S %]

L(7) 5 L'(7) or L(7) = L'(F)

I forall 7 € (dom £) \ {p, ¢}
impl. £(p) 22% £/(p) and L(q) 225 £/(¢) and (WR|Pre, WR|Base)

[£(7) & L'(7) or L(7) = L'(7) or L(7) = L()] for some 7]

forall 7 € (dom £)\ {p, ¢}
impl. E( ) L% £'(p) and L(q) Z£5% £/(g) and (WR|Tau)
[HE(A) L'(7) or L(F)=L'(F )} for some ﬂ forall 7 € (dom L) \ {p, q}}
o Step. [WR|Post] £ L=LE £ Iy 1!
e E1. Conclude:

L5 L (Step)
impl. £*(7) = L'(F) and L' = L™[F — L'(7)] (R|Grp2, 3r)
impl. £*(7) = L'(7) and {C**(f L'(f) forall # € (dom L)\ {f}} ()
impl. [£7(7) 5 L'(7) or £L(7) = £'(7)] and ()

[£7(7) = L/(7) or L(7) = L/(7)] forall # € (dom L)\ {i}]
c

(#)] forall # € dom £ ()
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QED.

Conclude:
o == EEN (Step)
impl. L(p) =— SARN L*(p) and L(q) 2= L L™(q) and (Induction)
IHGE= c*w) or L(7) = L*(7 )] for some 7| forall # € (dom £) \ {p,¢}]
impl. [£(p) 225 <p> L'(p) or L(p) L= L'(p)] and (E1)
£(q) % £7(q) = £(p) or L(g) 255 L'(g)] and
Hﬁ(f) = L™(F) 5 L'(F) o (f) = L'(7) or] for some %1
L(7) = L'(7) or L(7) = ( )
i forall 7 € (dom L) \ {p,q}
impl. £(p) Z£% £'(p) and L(q) 225 /() and (WR|Post, WR|Base)
Hﬁ(ﬁ) L L'(7) or L(F) S L'(7) or L(F) = E’(f)} for some ﬂ]
forall 7 € (dom L)\ {p, q}

) and L(q) 2£% £/(¢) and (WR|Tau)

impl. E( ) 2= % L(p
L'(F) or L(F) =L (r)} for some ﬂ forall 7 € (dom L) \ {p, q}}

[[V( )=

Step. [WR|Tau] 7=p—+q:U and L= L'

Conclude:

T=p—>q:U (Step)
impl. false (Defn. 1.3)

Proof of 7.

Al. £S5
B1. Conclude:

RN, @z, 35

impl. £% = L8[F — L%(7)] and L3(7) T L%(7) (R|Grp2, 3)

impl. [£%(7) = £%(7) forall # € (dom £°) \ {7}] and L%(F) = L¥(F) ()

impl. [ﬁ(f) —= L£%(#) forall 7 € (dom L?) \{r}} and L3(7) D> L%(F) ()

impl. [£~§(f) — L%(7) forall 7 € (dom L) \{7’}} and L%(7) = L%(F) (WR|Base)
Fi(p) I 7557 i Fi(7) I 75505

impl. || . (7) :~ (7) or forall 7 € (dom £%) \ {7}| and (7) :~ (7) or -)
L3(7) = L%(7) L) = L(7)

impl. [£%(7) = LY(7) or L(7) = L%(7)] forall # € dom L* )
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By induction on A1 (Defn. I11.2):
e Base. [WR|Base] £ 5 L'

Conclude:
Lo (Base)
impl. £ = L[f — £'(7)] and L(F) 5> L'(7) (R|Grp2, 37)
impl. [L(7) = £/(7) forall # € (dom£)\ {#}| and L(7) = L'(F) (-)
impl. [L(#) = £/(7) forall # € (dom£)\ {7}| and L(7) = L£'(F) )
impl. |£(7) = £/(#) forall # € (dom £)\ {#}| and L(7) = L'(F) (WR|Base)
, L(A) S L) or] X L(7) = L'(F) or
impl. [ . I forall 7 € (dom £) \ {7}| and ~ . (-)
le) - e U and |2 -
impl. |£(7) = L'(f) or L(#) = £'(#)| forall # € dom L ()
e Step. [WR|Pre] £ 15 £* L [
e D1. Conclude:

L5 L (Step)
impl. [£(7) = L*(7) or L(7) = L(7)] forall € dom £ (B1)
impl. [L(7) < L*(7) or L(7) = L*(#)] forall € dom £ (WR|Tau)

e D2. Conclude:

L= rr (Step)
impl. £ = £* (WR|Tau)
impl. dom £ = dom L* (Thm. I11.4:5)

e D3. Conclude:

L= L (Step)
impl. |L7(7) < L/(7) or L(7) = L/(7)] forall # € dom L* (Induction)
impl. [£*(7) = L/(7) or L(7) = L'(7)] forall # € dom £ (D2)

Conclude:
L(7) & L°(7) or L(7) = L*(7)] and
. forall # € dom L (D1, D3)
£7(7) = L(7) or L'(7) = L(7)]
impl. [L(7) < L7(7) = L'(7) or L(7) < L'(7) or L(7) = L/(7)| forall # € dom £ (-)
impl. [L(7) = L/(7) or L(7) = L(7)] forall # € dom £ (Thm. I11.3:1)
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o Step. [WR|Post] £ = £ 25 L/
e E1. Conclude:

L= L (Step)
impl. {C(f) = L™(F) or L(F) = L™(F )} forall 7 € dom L (Induction)

e E2. Conclude:

L L (Step)
impl. dom £ = dom L** (Thm. I11.4:5)

e E3. Conclude:

J Ny (Step)
impl. £ (7 ) = L/(F) or L(F) = £/(#)] forall # € dom £ (B1)
impl. [£7(7 ) =5 L/(7) or L(7) = £'(#)| forall # € dom £ (E2)
impl. [L7(7) S L'(7) or L7(#) = L(7)] forall # € dom £ (WR|Tau)

Conclude:

L(7) Z L£(7) or L(#) = L(#)| and

P s forall 7 € dom £ (E1, E3)
L7(7) = L'(7) or L7(7) = L'(7)]
impl. [L(7) = L™(7) = L(7) or L(7) = L/(7) or L(7) = L'(7)] forall # € dom L )
impl. [ﬁ( F) = L'(f) or L(F) = ﬁ’(?’)} forall 7 € dom L (Thm. IT1.3:1)
e Step. [WR|Tau] £ = [’

Conclude:
= L (Step)
impl. [ )= L'(F) or L(F) = E’(f)} forall 7 € dom L (Induction)
impl. [ )= L'(7) or L(F) = E’(f)} forall # € dom L (WR/|Tau)

QED.

LL Theorem III.5

Proof of 1.

o Al. T1 %TQ
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o A2, T1~U«
By induction on A2 (Defn. I11.1):

e Base. [WT|Base|] 11/

Conclude:

Tl ~ TQ and T1 i
impl. T |

e Step. [WT|Pre] Ty 5 T}
e D1. Conclude:
T| ~ T}
impl. 7] ~ T3 and T}
impl. T |
e D2. Conclude:
T| ~ Ty and T, = T,
impl. T, = T3
impl. T5 |}
e D3. Conclude:

Tll ~ T2
impl. 7] ~ T, and 77
impl. T5 |}

Conclude:

T1 ~ TQ and T1 é Tll
impl. HT{ ~ Ty and T, = TQ’} for some Té} or T ~ T
impl. T |

QED.

Proof of 2. Similar to the proof of Thm. I11.5:1.

88

(A1, Base)
(Lem. I11.1:1)

(373)
(Step)
(Induction)

(313)
(D1)
(Thm. 111.2)

(Step)
(Induction)

(A1, Step)
(Lem. II1.1:3)
(D2, D3)
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Proof of 3.
e Al. T1 =T,
e A2. T\ =T
By induction on A2 (Defn. I11.2):

e Base. [WR|Base] T} = T

Conclude:
Ty~T, and Ty = T (A1, Base)
impl. HT{ ~ T, and T) = TQ’} for some Tz’} or {Tl’ ~ T, and o € AT} (Lem. II1.1:3)

o Step. [WR[Pre] Ty D TF < T7

e D1. Conclude:

T ~ Ty (3T3)
impl. T} ~T; and T} = T (Step)
impl. HT{ ~ T, and Ty = TQ’} for some TQ’} or (Induction)

{T{ ~T; and a € AT}

e D2. Conclude:

T, = Ty (3T, 37)
impl. T, = Ty (WR|Base)
impl. T, = T (WR|Tau)

e D3. Conclude:

T, = Ty and o € A, (3Ty)
impl. T, = 75 and a =7 (37)
impl. T, = T and a =7 (D2)
impl. T, = Tj (-)

e D4. Conclude:
T ~T; and T, = Ty and a € A, (3Ty)
impl. T ~ Ty and T, = T} (D3)

impl. |T] ~ T} and T, = TQ'} for some T} )
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e D5. Conclude:
T; ~T; and T, = T3
impl. HT{ ~Ty and T, = Tj = TQ'} for some TQ’} or
{Tl’ ~T; and T, = T; and o € AT}
impl. {Tl’ ~ Ty and T, = TQ/} for some 7
e D6. Conclude:
T =T,
impl. T ~ T, and T} = T|
impl. HT{ ~ Ty and T, = TQ’} for some Tj| or
{Tl’ ~T, and o € AT}
Conclude:
Ty~T, and Ty = Ty
impl. HT{‘ ~Ty and T, = T;} for some TQ*} or T} ~ T,
impl. HT{ ~ Ty and T, = Té} for some f}’} or {Tl’ ~T, and o € AT}
e Step. [WR|Post] T} = T} 5 T}
e E1. Conclude:
Tr =~ Ty
impl. T} ~ Ty and T} = T
impl. HT{ ~Ty and Ty = TQ/} for some TQ’} or T| ~ Ty
e E2. Conclude:
Ty ~T; and T) = Tj
impl. HT{ ~Ty and T), = Ty 5 TQ'} for some TQ/} or
:Tl’ ~T; and T, = TQ*}
impl. [Tl' ~Ty and T, = Ty = TQ'} for some TQ’} or

HT{ ~ Ty and T, = TQ’} for some T~2’}

impl. [T/ ~ T} and T, = TQ’} for some T}
e E3. Conclude:
Tr =T,
impl. Ty ~T, and T} = T,
impl. HT{ ~ Ty and T, = TQ’} for some Tj| or T} ~ T,

90

(3T3)

(D1)

(WR|Pre, D4)

(Step)
(Induction)

(A1, Step)
(Lem. IIT.1:3)
(D5, D6)

(373)
(Step)
(Lem. III.1:3)

(3T3)
(E1)

)

(WR|Post)

(Step)
(Lem. III.1:3)
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e E4. Conclude:

T, = T, (313, 37)
impl. T, = T, (WR|Base)
impl. T, = T} (WR|Tau)

e E5. Conclude:

14

T, = Ty and o € A, (3Ty)
impl. T, = 75 and o = 7 (37)
impl. 7, = T and a =7 (D2)
impl. T, = T} (-)

e E6. Conclude:

T/ ~T) and Ty = 75 and a € A, (3TY)
impl. 7] ~ T and T, = T} (D3)
impl. |7} ~ T} and T, = TQ’} for some T} -)

e E7. Conclude:

T' =T, and a € A,

impl. HT{ ~ Ty and T, = T) and o € AT} for some Tzl} or (E3)
{Tl’ ~T, and o € AT}
impl. HT{ ~ T, and T, = Té} for some TQ’} or {Tl' ~T, and «a € AT} (E6)
Conclude:
Ty~T, and T, = T} (A1, Step)
impl. [{Tl* ~T; and T, = TQ*} for some TQ*] or [Tl* ~T, and «a € AT} (Induction)
impl. HTI’ ~ Ty and T, = Tz'} for some TQ’} or {TI’ ~T, and «a € AT} (E2, ET7)

e Step. [WR|Tau] a=7 and T} = T}
e F1. Conclude:
T, = Ty (3T3)
impl. T, = Ty (WR|Tan)
impl. T, = T} (Step)
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Conclude:

T1 ~ TQ and T1 é Tl/

impl. HT{ ~ Ty and T) = T}’} for some TQ'} or [Tl’ ~T, and «a € AT]
impl. HTI’ ~ Ty and T, = TQ'} for some TQ’} or {TI’ ~T, and «a € AT}

QED.

Proof of 4. Similar to the proof of Thm. I11.5:3.

M Theorem I11.6

Proof of 1.
e Al. T'=.T'
e A2. T/ =_.T"
By induction on A1 (Defn. I11.5):
e Base. [TR|Base] T = T
Conclude:

T T =T
impl. T =, T"

e Step. [TR|Pre] T 5T =T

Conclude:

T = T = T"
impl. T =, T"
impl. T 5 T* =, T"
impl. T =, T"

QED.

Proof of 2.
e Al. T =T

By induction on A1l (Defn. I11.2):

92

(A1, Step)
(Induction)

(F1)

(Base, A2)
(TR|Pre)
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e Base. [WR|Base] T = T"

Conclude:
TS T (Base)
impl. T =, T’ (TR|Base)

o Step. [WR[Pre] T L T T

Conclude:
=T (Step)
impl. 7% =, T’ (Induction)
impl. T = T* =, T’ (Step)
impl. T = T’ (TR|Pre)

e Step. [WR|Post] T =TT
e FE1. Conclude:

T=T" (Step)
impl. T' = T" (Induction)

e E2. Conclude:

T = T (Step)

impl. 7% =, T’ (TR|Base)
Conclude:

T=T =T (E1, E2)

impl. T =T’ (Thm. IT1.6:1)

e Step. [WR|Tau] T = T"

Conclude:
T=T (Step)
impl. T =, T' (Induction)

QED.
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94

N Theorem IV.1

Proof of 1.
e Al. T' =T,
Conclude:
T, =1,

impl. T} ~ T,
impl. 71 = T,

(A1)
(Lem. II1.1:5)
(WR|Star2)

QED.
Proof of 2. Conclude:
T=T )
impl. 7= T (Thm. IV.1:1)
QED.
Proof of 3.
e Al. TS T
e A2. T T"
By case distinction on A1 and A2 (Defn IV.1):
e Case. [WR|[Starl] T~T* Z= T ~ T
[WR|Starl] T’ ~T" L it
Conclude:

Tr T Lo T T TS TH A 77 (Case)
impl. T~ T% 2 7% ~ 71 2 it & 77 (Lem. II1.1:8)
impl. T~ T* T:*E T Il P TH T or (Thm. TIL5:4, IT*)

TrT Z= T~ T~ T"
impl. T~ T* == T 2% T ~ T" or T a1 5 Uy T (Lem. I11.1:8)
impl. T~ T% 25 7% ~ 7" or T~ T 2 T 2 T" (Thm. TIL.3:1)
impl. T = T" (WR|Star1)

o Case. [WR|Starl] T T Z= T ~ T

[WR|Star2] T =~ T"

Conclude:

T T* T T** ~ T/ ~ T//

impl. T~ T" — T
impl. T = T"

(Case)
(Lem. IIT.1:8)
(WR|Star1)

T** ~ T//
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e Case. [WR|Star2] T ~T"
[WR|Starl] T’ ~ T" Sl LN
Similar to the proof of case [WR|Starl][WR|Star2].
e Case. [WR|Star2] T ~T"
[WR|Star2] T’ ~ T"

Conclude:

TrT ~T (Case)
impl. T ~T" (Lem. IIT.1:8)
impl. T = T" (WR|Star2)

QED.

O Theorem IV.2

Proof of 1.
o Al. L(p) 2L £(p)
o A2. L(q) 2L £/(g)
e A3. L(7)= L/(f) forall 7 € (dom L)\ {p,q}
e A4. dom L = dom L’
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e B1l. Conclude:

L(7) = L/'(f) forall # € (dom L)\ {p, ¢}
Hg(ﬁ) ~LF D [~ L'(#) forsome L*, f/**,ﬂ or L(7) = L‘/(f)}]
i forall 7 € (dom L)\ {p,q}

() 2 L' ~ [ ~ £(7) forsome L™, 11,7 or
impl. [L(f) ~ L™ ~ L/(#) for some E**] or L(7) = L'(F)
forall 7 € (dom£L)\ {p,q}

[L(f) L [t ~ £/(7) for some E”,ﬂ or L(7)~ L‘/(f)}

i forall 7 € (dom£L)\ {p,q}
impl. HE(?) = [ (#) forsome L', } forall 7 € R} and

impl.

1T
—

impl.

impl. [ﬁ(f) ~ L'(#) forall # € ((dom L) \ {p,q})\R} and or

e B2. Conclude:
L(p) 22 £/(p)
impl. p # ¢
e B3. Conclude:

L(p) 25 L'(p) and L(q) 255 L'(q)
impl. £2=2L% £lp s £'(p), q — L'(q)]
impl. £ 2=%2% Llp— L'(p),q— L'(¢)] and Lp— L'(p),q— L(¢)] :R =1L

e B4. Conclude:

£ LEL Llp s £'(p) g = L(q)]
impl. dom L[p — L'(p),q— L'(q)] = dom L
impl. dom £ = dom L[p — L'(p),q+— L'(q)] = dom L'

By case distinction on B1 (3R):

96

(A3)

(Defn. IV.1)

(Thm. I11.3:4)

(Lem. IIT.1:8)

(3R)

(A1)
(Defn. 1.3)

(A1, A2)
(Thm. T11.4:1)
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e Case. Hﬁ(f) L [~ £'(7) forsome LIt } forall 7 € R} and
[£(7) ~ £'(#) forall # € ((dom L)\ {p,q})\ R| and 0 = R C (dom £) \ {p, ¢}

e C1. Conclude:

=7 #q and 7 € dom L[p — L (p),q — L'(q)] (37)
impl p=7#qand (Llp— L'(p).q— L(Q)))(F) = (L]p— L'(p),q— L/()])(F) (=)
impl. p =7 #q and (L[p — L'(p),q— L (q)))(F) = L (p) (=)
impl. (L[p— L'(p),q— L (Q])(7) = L'(7) =)
impl. (L[p— L'(p),q— L'(¢)))(F) =~ L'(T) (Lem. IT1.1:5)

e C2. Conclude:

p#7=gq and 7 € dom L[p — L' (p),q — L' (q)] (37)
impl. p# 7 =¢q and (L[p+— L'(p),q— L(9)))(7) = (L[p — L' (p). ¢ — L' (q)])(F) (=)
impl. p # 7 =q and (L[p — L'(p),q — L (¢)))(7) = L(q) =)
impl. (L[p— L'(p),q— L (9])(7) = L'(7) (=)
impl. (L[p— L'(p),q— L'(¢)))(F) = L'(T) (Lem. IT1.1:5)

e C3. Conclude:

p#7#qand 7 € domLp— L (p),q— L (q)] (37)
impl. p # 7 #q and (Llp— L'(p),q = L'(Q)])(F) = (Llp = L'(p),q = L(@)])(F) ()
impl. (L[p = L'(p), q — L'(q)])(7) = L(7) )

e C4. Conclude:

[ﬁ(f) ~ L'(f) forall 7 € ((dom L)\ {p,q})\ R] and ) =R (Case)
impl. L(7) =~ L'(#) forall # € (dom L)\ {p, ¢} ()

e C5. Conclude:

p#7T#q and 7 € dom L[p — L'(p),q — L'(q)] (37)
impl. p#7 # ¢ and 7 € dom L -)
impl. 7 € (dom £) \ {p, ¢} (=)
impl. L(7) =~ L'(7) (C4)

e C6. Conclude:

p# 7 #q and 7 €domL[p— L'(p),q— L(q)] (37)
impl. (L[p— L'(p),q — L'(9)])(F) = L'(F) (C3, C5)
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e C7. Conclude:

7€ dom L[p = L'(p), ¢ = L'(q)] (37)

impl. p=7=g¢q or (=)
{ =7 +#q and fedomﬁ[pl—>£'(p),q»—>£’(q)” or
=q and 7 € dom L[p — L'(p),q — E’(q)]} or

p#7
[p 7#q and 7 € dom L[p — L'(p),q —~ E’(q)]}
(£

impl. (L[p+— L'(p),q— L'(¢)])(F) = L(T) (B2, C1, C2, C6)
Conclude:

(Llp = L(p),q = L (Q))(F) = L'(F)

[for all # € dom L[p+— L'(p),q— E'(q)]] and (C7, B4)
dom L[p — L'(p),q— L'(q)] = dom L’

impl. |(L[p— L'(p),q — L (q)])(7) = L'(#) forall # € R| and (3R)

dom L[p — L'(p),q— L'(¢)] = R = dom L’

impl. L[p— L'(p),q— L' (q)] = L (Lem. I11.1:9)

impl. £ L% Llp — L'(p),q — L(q)] = L' (B3)

impl. £ 2£22Y% Fr (3£)

e Case. HC(?) L [~ £'(#) forsome L, } forall 7 € R} and
[£(7) ~ £'(#) forall # € ((dom L)\ {p,q})\ R| and 0 # R C (dom £) \ {p, ¢}

e D1. Conclude:

reR (3r)
impl. 7 € (dom L)\ {p, ¢} (Case)
impl. p # 7 # g )

e D2. Conclude:

FER (37)
impl. £(7) = LM~ £/(7) and p £ 7 +#¢ (Case, D1, 3L, 37)
impl. £(7F) = L' ~ £'(7) and (B3)

Llpr L'(p),g— L(¢)]: R 4~]L and p# 7 #q
impl. (L[p— L'(p).q— L'(q)])(F) = LT ~ L'(F) o)



THEOREM 1V.2 99

e D3. Conclude:

(Llp = L'(p),q = L(q)])(7)
impl. [(L[p = £'(p), ¢~ L'(9)])(?)

T(7) forall # € R (3L, 37)

N
L LH(7) forall 7 e R} and R#0 (Case)

impl. L[p — L' (p),q— L'(¢)] = (Thm. T11.4:3)
Llp = L'(p),q = L(q)][F = LT(7) | 7 € R]
impl. £ 2225 £lp— £'(p),q — £'(¢)] and (B3)
Llp= L'p) g L@) = Llp = Lp).a - L@~ LT(7) |7 € B
impl. £ 2=L% £lp s L'(p),q — L'()][F — LT(F) | 7 € R] (Thm. 111.3:2)
e D4. Conclude:
pER )
impl. p € (dom L)\ {p, ¢} (Case)
impl. false =)
e D5. Conclude:
g€ R -)
impl. ¢ € (dom£) \ {p, ¢} (Case)
impl. false (-)

e D6. Conclude:

7€ dom L[p — L' (p),q— L'(q)|[F — LT(#) | # € R] (3LM, 3IF)

impl. (L[p > L'(p),q = L'(q))[F = LT(F) | # € R])(7) = 0
(Llp = L'(p),q = L(q)][F = LI(?) | 7 € R])(7)

impl. (Llp = L'(p),q — L'(@)][f = LT(7) | 7 € R))(F) = (D4, D5)
(Llp = L'(p),q = L@)][F = LT(7) | 7 € R])(7) and p,q ¢ R

impl. (L[p = L'(p),q — L' (@[ = LT(7) | 7 € R)(7) = ()
(L[F = L) | 7 € Rl[p = L'(p),q = L'(0)])(7)

e D7. Conclude:

p=7+#gq and 7 € dom L[p— L' (p),q— L' (¢)][f — LIT(?) | # € R] (3L, 37)

impl. p =7 # ¢ and (D6)

(Llp = L' (p),q = L'(Q))[F = LY(7) | 7 € R))(7)
(L[F = LT(?) | 7 € Rl[p = L'(p),q = L'(q)])(7)
impl. p=7+# ¢ and (-)
(Llp = L' (p),q = L' ([P = LT(P) |
impl. (Llp = L'(p),q — L'(q)][p = LT(7) | 7
impl. (L[p — L'(p),q — L'(Q))[F = LT(?) | 7

€ R))(7) =~ L'(F) (Lem. II1.1:5)
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e D8. Conclude:

p#7=q and 7 € dom L[p+— L' (p),q— L(q)][F — LTT(#) | € R] (3L, 37)
impl. p # 7 = ¢ and (D6)
(Llp = L'(p).q = L'(Q))[F = LT(F) | 7 € R)(7)
(L[F = LY(F) [ 7 € Rl[p = L' (), q = L' (q)])(7)
impl. p#7=¢ and (=)

(Llp = L'(p),q = L(QIF = LT(F) | 7 € R)(F) = L' (p)
impl. (L[p — L'(p),q — L' (9)][F — LT(7) | 7 € R])(F) = L'(7 (=)
impl. (L[p+— L'(p),q+— L'(q)][ — LT(?) | » € R])(F) ~ L/(F) (Lem. I11.1:5)
e D9. Conclude:
p#7#qand 7 € domL[p— L (p),q— L (¢)][f — LIT(?) |7 € R] (3L, 3IF)
impl. p #7 # ¢ and (D6)

(Llp = L'(p).q = L'@IF = LY7) | 7 € R])(F) =
(L7 = LT(F) | 7 € Rllp = L'(p),q = L'(a)]))(7)

impl. (L[p+— L'(p),q— L'(@)[F = LY(7) | 7 € R])(7) = )
(Ll = L1(7) | 7 € R))(7)

impl. [(L[p— L'(p).q — L))l = LT(#) | # € R)(7) = L7(7) and 7 € R| or )
(Llp = L(p).q— L@l = LT(#) | # € R)(7) = L(7) and 7 € (dom L) \ R]
e D10. Conclude:
(Llp = L'(p), g = L'(g)[F = LT(?) | # € R))(7) = LT(F) and (3L, 37)
7 € R and [£V(7) ~ £/(7) forall 7 € R|
impl. (L[p — L'(p),q = L'(@)][F = LT(7) | 7 € R))(F) ~ L'(F) ()
e D11. Conclude:
7€ (domL)\ R and p# 7 #q (37)
impl. 7 € ((dom £) \ R) \ {p, ¢} )
impl. 7 € ((dom L)\ {p,q}) \ R )
impl. L(7) ~ L'(7) (Case)
e D12. Conclude:
(Llp = L'(p),q = L'(q)][F = LT(F) | 7 € R])(7) = L(7) and (3L, 37)

7€ (domL)\ R and p#7T #q
impl. (L[p = L'(p),q = L'(@)][F = L7(7) | 7 € R])(7) = L'(7) (D11)
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e D13. Conclude:

[LY(#) = L£(7) forall # € R| and (3L, 3F)
p#7#qand 7 € domL[p— L (p),q— L(q)][F — LT(#) | € R]

(Llp = L'(p).a = L'()][F = LT(7) | 7 € R])(7) = L(7) and

impl. | . or (D9)
7 € R and [UT( r) ~ L'(7) forall T’ER}
(Llp = L'(p).a > LIF = LT(7) | 7 € R))(F) = L(F) al’ld]

7€ (domL)\ R and p#7T #¢q
impl. (L[p— L'(p),q— L' (q)][F — LT(F) |7 € R)(F) ~ L(F) (D10, D12)

e D14. Conclude:

7 e domL[p — L' (p),q— L' ()7 — LIT(?) | # € R] and (3L, 37)

LI(#) ~ L/(7) forall 7 € R]
impl. p= 7 =gq or (-)

p=7+#q and 7 € dom L]p — L'(p),qg— L Q) — L) |7 e R]} or

:p 47=q and 7 € dom L[p— L'(p),q — L' (¢)][f — LIT(7) | 7 € RH or

p#7#qand 7 € dom L[p— L'(p),q— L'(q)][f — LT(#) | # € R] and
[£1(#) ~ £/(7) forall 7 € R|
impl. (L[p— L' (p),q— L' (q)][F — LT(F) | 7 € R)(F) =~ L(F) (B2, D7, D8, D13)
e D15. Conclude:

R C (dom L)\ {p,q} (Case)
impl. R Cdom/.L -)
impl. R C dom L[p— L'(p),q— L' (q)] = dom L’ (B4)

e D16. Conclude:

LIS Llp = Lp).g = L@ = L1(7) | 7 € R (3£71)
impl. L[p > L'(p),q+ L'(¢)[F =~ LI(7) |7 € R :R—~L )
impl. L[p— L'(p),q— L'(¢)][f — LT(#)|# € R]:R = L and (D15)

R CdomL[p— L' (p),q— L' (q)] = dom L’
impl. dom L[p — L'(p),q — L'(¢)][# — LIT(?) | # € R] = dom L’ ()
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e D17. Conclude:

[LY(#) = L£(7) forall # € R| and (3L)
LLZEG Llp s L(p),q - L@l L7(7) | 7 € R
impl (Llp = L'(p),q = L'(q)][F = LT(?) | 7 € R])(7) = L'(F)
forall 7 € dom L[p — L'(p),q — L' (¢)][} — LIT(?) | # € R]
dom L[p — L'(p),q — L'(q)][F — LT(#) | # € R] = dom £’ (D14, D16)
impl. [(L[p— £/(p),q — L))l — LT(7) | # € R))(?) ~ L£'(7) forall 7 € R| and
dom L[p — L' (p),q — L' (q)][F — LIT(#) | # € Rl = R = dom £’ (3R)
impl. L[p — L'(p),q— L'(q)][f — LT(F) |7 € R ~ L' (Lem. I11.1:9)
Conclude:
-{(E[p — L'(p),q— L)) = L ~ £'(7) forsome LIt %] (D2)
I forall 7 € R
rapl. [(Llp— L(p).q— L(@))(7) = LM = L'(7) forsome L] (WR|Tou, 3)
I forall 7 € R
impl. |(L[p— L'(p),q — L(q)))(7) = LT(#) = £'(7) forall 7 € R| (3LT)
impl. :(E[p — L'(p),q— L' ()7 = LM(?) forall 7 e R} and )
LT(7) = L/(7) forall 7 € R|
impl. £ 22Z% £lp s £'(p),q — L'(q)][f — LIT(#) | # € R] and (D3)
LT (7) ~ L/(7) forall 7 € R|
impl. £ 224U Llp L' (p),q— L()[F— LT(#) |7 eR ~L (D17)
impl. £ L2228 £ ) (3£7)
QED.
Proof of 2.

e Al. L(7)= L/(f) forall # € dom L
e A2. dom /L = dom /L’
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e B1l. Conclude:

L(7#) = L'(7) forall # € dom L

Hﬁ(f) ~ L [ ~ L/(7) forsome L* INL**,%} or L(7)~ E’(f)}
forall 7 € dom L

[ﬁ(f) = [~ [** ~ L'(7) forsome IN/**,ETT,%} or
impl. [[,( ?) ~ L** ~ L'(#) for some fj**] or L(7) ~ L'(7)
forall 7 € dom £
Hﬁ(f) L [t~ £/(#) for some E”,%} or L(7)~ E’(f)}
forall 7 € dom £
impl. [[,(f) L [~ £/(7) forsome L', } forall 7 € R} and

'(7) forall 7 € (domﬁ)\R] and R C dom L

forall 7 € R} and

[E(f) = L' ~ £'(#) forsome LT,
: 5 or
‘(7 and ) = R C dom L

) forall # € (dom L)\ R|
[E(f) L L ~ £/(7) forsome L', } forall 7 € R] and
_ '(+) forall # € (dom L) \R} and@#RCdomE

By case distinction on B1 (3R):

~ L'(#) forsome LT, } forall 7 € R} and

e Case. [[E( ) L LM
L'(7) forall 7 € (domﬁ)\R} and ) = R Cdom L

L(7) ~

Conclude:

=

(7) ~ L'(#) forall # € (dom£)\ R| and 0 = R
impl. £(7) ~ L'(7) forall # € dom L

impl. |£(#) ~ £'(#) forall # € dom £] and dom £ = dom £’
impl. [£(#) ~ £/(#) forall 7 € f{] and dom £ = R = dom £’
impl. L~ /L'

impl. £ = [/

e Case. Hﬁ(f) L [~ £/(7) forsome L', } forall 7 € R} and
[ﬁ(f) ~ L'(f) forall # € (dom L)\ R} and 0 # R C dom L

103

(A3)

(Defn. IV.1)
(Thm. I11.3:4)

(Lem. III.1:8)

(Case

)
)

(A2)

@A)

(Lem. III.1:9)
(WR|Star2)
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o DI1.

Conclude:

L(7) Z LY(7) forall 7€ R
impl. {L( ) = L(7) forall 7 e R} and R # ()
impl. £ < L[f— LT(#) |7 € R]

e D2. Conclude:

7 e dom L[F — LIT(7) | 7 €
impl. (L[ — LT(7) |7 € R))(7) =

impl. {( (7 L7 | F € R
(L[~ LT@) |7 eR

e D3. Conclude:

D5. Conclude:

7 € dom L[ — LIT(#)

I(
G

) =

Rl

(L[F = L1(F) | 7 € RI)(7)
7) = L1(7) and 7 € R} or

L(7) and 7 € (dom £) \ R]

‘3>Aﬁ>
m\—/m
X
(Y
S*’
S
L]
Q
o
>
m
=l

|
(L[F — EH( )| 7€ R])('F) = ETT(f) and

impl.

impl. (L[? — LTT(?) | # € R))(F

7€ R and

.

L
)

(L[ LT(7) | 7 € RI)(

e D6. Conclude:

R Cdom/.L

impl. R C dom £ = dom L’

e D7. Conclude:

L Ll L) | 7 € R]
impl. L[f+— LT(7) |7 € R]: R =L

impl. L[# — LT(?)|#€ R]:R =L and R C dom £ = dom £’

7 € R] and [£1(7) ~ £/(7) forall 7 € R|

or
) forall 7 € R}

= £(7) and 7 € (dom £) \ R|
~ L(7)

impl. dom L[ +— L1(7) | # € R] = dom L’

104

(3L, 37)
(Case)
(Thm. I11.4:3)

(3L, 37)
()
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e D8. Conclude:
[LY(#) = L£'(7) forall # € R| and £ = L[ — LY(7) | 7 € R]
(L[F = LT(7) | 7 € R))(P) ~ L'(7)
forall 7 € dom L[? — LIT(7) | # € R]
dom L[+ LT(#) | # € R] = dom £’
impl. (L[ — L1(7) | # € R))(7) ~ £'(#) forall # € R| and
dom L[+ LT(#) | # € R = R = dom £’
impl. L[ — LIT(7)|# € R~ L’

Conclude:

{E(f) L L~ £/(7) for some fﬁ,ﬂ forall 7 € R}

impl. {E(f) 5L L'(7) for some Eﬂ} forall 7 € R}

impl. £(7) = LT(#) ~ L£'(7) forall # € R

impl. [£(7) = L1(7) forall 7 € R| and [£1(7) ~ £'(7) forall 7 € R]
impl. £ < L[f + LT(7) | # € B] and [£1(7) ~ L£'(7) forall 7 € R]
impl. £ = L[f— LT(7) |7 € R~ L

impl. L~ L= L[p— L7 |fe R~ L

impl. £ = [/

QED.

P Theorem IV.3

Proof of 1.
e Al. T' =T,
e A2. T\ & T
e B1. Conclude:

Ty~ T
impl. T, ~ Ty, ~ T
impl. Tp = Th ~ T}
impl. T, = T ~ T}

By case distinction on A2 (Defn. IV.1):

105

(3L, 37)

(D5, D7)

(3R)
(Lem. II1.1:9)

(Case
(WR|Tau, 37
(3LH

—~
o —
- \
~— ~— — S

IS
0]

(Lem. III.1:6
(WR|Starl

(Lem. II1.1:6)
(WR/Star2)
(313)
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e Case. [WR|Starl] Ty =Ty = T;* =~ T}
Conclude:

Ty~T, and Ty ~ T} = T =T (A1, Case)
impl. h~e Ty =T = T ~ T (Lem. ITL.1:7)
impl. T, = T} = T7* =~ T (Lem. II1.1:8)
impl. [T, & T} ~ T;* ~ T} forsome Tj| or Tp ~ T{" ~ T (Thm. I11.5:4)
impl. [T, < T} ~ T} forsome Tj] or T ~ T (Lem. I11.1:8)
impl. [Tg ~Ty, = Ty ~ T} ~ T, forsome Té] or Th~T, (Lem. ITL.1:6)
impl. T, = Ty ~ T} (WR|Starl, B1, 3T3)
impl. T} ~ T} and T;, = T, (Lem. T11.1:7)

e Case. [WR|Star2] Ty =T
Conclude:

Ty~T, and Ty =~ T} (A1, Case)
impl. Thy =T\ ~ T (Lem. ITL.1:7)
impl. T ~ T} (Lem. IIT.1:8)
impl. T, = Ty ~ T} (B1, 313)
impl. T] ~ Ty and T, = T, (Lem. I11.1:7)

QED.
Proof of 2.
° A].. Tl =~ T2

e A2. T, = T

Conclude:

T, =Ty
impl. T, =~ T}
impl. T) ~ T}
impl. T ~ T}

QED.

and Ty = T,
and Ty = T,
and T, = T}
and T, = T}

(Len111117
(Thm. 1V.3:1, 37

)
)
1)
(Lem. II1.1:7)
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Q Theorem V.1

Proof.

e B1. Conclude:

blnd({Xl — Gi}i€I7G) eG
1mp1 bmd({Xl — Gi}ieh G) [’f‘ eL

e B2. Conclude:

Gi|rel forall i el

By induction on G (Defn. L.5):

e Base. G =1

Conclude:

bind({X; — Gi}ier, G) |
= blnd({)(z — Gi}ieb 1) [

=1/r
=1

r
r

= bind({X; — G, [ 7}icr, 1)
= blnd({Xl —> Gz [T}iEIa 1 “’)
= bind{X; — G; [ }ier, G [ 1)

e Base. G =p—q:U and p # q

By case distinction:

e Case. p=r=gq

Conclude:

PF#q

impl. false

e Case. p=1r#q

Conclude:

bind({X; — Gi}ier, G) I 7

= bind({X; = Gi}ier,p—q:U) [ 7

= bind({X; > G, |

= bind({X; — G; [ }ier, G

r}ier,pq'U)
[ rYier,p—q:U 1)

)
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(Lem. I.1:1)
(Lem. V.1:2)

(Lem. V.1:2)

(B
(Base

1)
)
(Defn. 1.8)
(Defn. V.1)
(B2, Defn. 1.8)

(Defn. V.1)

(Base)

(Base)
(Case)

(B
(Base

1)

)

(Defn. 1.8)

(Case = Defn. V.1)
(B2, Defn. 1.8)
(Case = Defn. V.1)
(Base)
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e Case. p#£r=gq
Similar to the proof of case p # r = p.

o Case. p# 1 #q
Similar to the proof of case p =1 # p.

e Base. G =X

e I1. Conclude:

dom {Xl — Gi}ie[ <_>
= {Xi}iel (*)
= dom {XZ — Gz fT}ieI <B2>

By case distinction:

e Case. X € dom{X; — G, }ics
e J1. Conclude:

X € dom {X; — G}ier (Case)
impl. X € dom{X; — G; | r}ics (I1)
Conclude:

bind({X; — Gi}ier, G) [ 7 (B1)

= bind({X; — Gi}icr, X) [ 7 (Base)

= (X{Xi = Giier) I 7 (Case = Defn. 1.8)

= (X{X; = Gi [ r}ier) (Defn. V.1)

= bind({X; — G | r}ier, X) (J1 = Defn. 1.8)

= bind({X; — Gi [ r}ier, X [ 1) (Defn. V.1)

= bind({X; — Gi [ }ier, G I 7) (Base)

e Case. X ¢ {Xz — Gi}ie[
e K1. Conclude:

X ¢ dom {X; — Gi}ier (Case)
impl. X ¢ dom{X; — G; [ r}ier (I1)
Conclude:
bInd({X,L — Gi}iela G) rT‘ (
= blnd({Xl — Gi}iEbX) [7" (Base
=X|r (Case = Defn. 1.8

= blnd({)(Z — Gz f’l“}z‘e],X) (K]_ = Defn. 1.8
= blnd({XZ — Gz rT’}ieI,X rT) (Defn V.1

1)
)
)
= X (Defn. V.1)
)
)
= bind({X; = G; | r}icr, G| 1) (Base)
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e Step. G =G+ Gy

Conclude:

bind({X; — Gi}ier,

G)|r

bind({X; = Gitier, G1 +Ga) [T
(blnd({X, — Gi}ie], Gl) + blnd({X, — Gi}iej, GQ)) r’l”

(bind({X; — Gi}icr, G1) [ ) +
bind({X; — G;
bind({X; — Gy [ r}ies, (G1 [ )+
bind({X; — G [ 7}ier, (Gi+Go) [ 1)
bind({X; — G;

[ ] Step. G = G1 'G2
Similar to the proof of step G = G + Gbs.

e Step. G =G4 || Gs
Similar to the proof of step G = G; + Gbs.

e Step. G =

[ T}ie]»

W}ieI,Gl I

(X [{Xj = Gj}jes)

Glr)

(G2 7))

Similar to the proof of step G = G + Gbs.

QED.

R Theorem V.2

Proof of 1.

e Al. G|

By induction on A1 (Defn. I1.1):

e Base. [T|One] G =1

Conclude:

impl.
impl.

L]
(1)
(GIr)d

e Step. [T|Altl]] G=G1+ Gy and Gy

(bind({X; = Gi}tier, G2) [ 1)

r)+bind({X; = G; [ r}ier, Ga |

r)
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(B
(Base

1)
)
(Defn. 1.8)
(Defn. V.1)
(Induction)
(Defn. 1.8)

1)

)

(Base

(T|One)
(Defn. V.1)
(Base)
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QED.

Conclude:

Gil (Step)
impl. (G [r)l (Induction)
impl. (G;[r)l and Gy [rell (Lem. V.1:2)
impl. (G1[7r)+(G2[7))] (T|Alt1)
impl. ((G1+Gs) )l (Defn. V.1)
impl. (G[r)] (Step)

Step. [T|Alt2] G =G+ Gy and G|
Similar to the proof of step [T|Alt1].

Step. [T|Seq] G=G;-Gy and G;{ and G35

Conclude:

Gil) and G,y (Step)
impl. (G [ r)) and (Gy[7r)] (Induction)
impl. ((Gy]r)-(G2]7)){ (TISeq)
impl. ((G1 Ga) [ 1) (Defn. V.1)
impl. (G [r)] (Step)

Step. [T|Par] G =G| G2 and G| and G2
Similar to the proof of step [T|Seq].

Conclude:

bind({X; — Gi}ier, {Xi = Gitier(Xi)) 4 (Step)
impl. (bind({X; — G, }icr, {Xi — Giticr (X)) [7) 4 (Induction)
impl. bind({X; — G; [ 7}ier, {Xi = Gi}icr(Xg) 7)) (Thm. V.1)
impl. bind({X; — G; [ 7}ier, {Xi = Gi}ier(Xy) [ 7) ] and (Lem. V.1:2)

Gilrel forall ic |
impl. bind({X; = Gi [ r}ier, {Xi = Gi [ 1}ier(Xg)) ) (-)
impl. (X, |{X; = G [7hier) | (T|Call)
impl. ((Xj,[{Xi— Giticr) 7)1 (Defn. V.1)
impl. (G[r)] (Step)
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Proof of 2.
e Al. (G 1)

By induction on A1l (Defn. I1.1):
e Base. [T|One] Glr=1

Conclude:

(GIr)d
impl. G=1
impl. G=1 and 1|
impl. G|

L] Step. [T’Altl] G rT’ = Ll +L2 and Ll\l/
e D1. Conclude:
L1 = él rT’
impl. L, =G, [r and L, |
impl. (G [7)]
e D2. Conclude:
Li=Gy|rand Ly=Gs |r
Gilr))l and Ly =Gy |r

)+ (Ga I 1))
1+Ga) Ir)

impl.

(
impl. (
impl. (

Conclude:
G r?” = Ll -+ L2
1mp1 Gzél—l—ég and L1 :él [7” and LQ :GQ r’l"
impl. G =G1+ G, and ((G1+G,) 7))l
impl. (G[r)]

e Step. [T|Alt2] G |r=L;+Ly and Lo
Similar to the proof of step [T|Alt1].

e Step. [T|Seq] G[r=1L;-Ly, and L;] and Ly
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(Base
(Defn. V.1
(T|One

(,

(3G,
(Step

(Induction

(3G, 3G,
(D1
(T|Alt1
(Defn. V.1

)
)
)
)

)
)
)

)
)
)
)
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e 1. Conclude:

Li=Gi|rand Ly=G, |r (3G, 3G,)
impl. {Ll =Gy |r and L, ” and {Lg =Gy |7 and L, ” (Step)
impl. (G1 )] and (G, [r)] (Induction)
impl. ((Gy[7)-(G2]7))d (T[Seq)
impl. ((Gy1-Gs) [r)d (Defn. V.1)

Conclude:

Glr=Li Ly (Step)
impl. G=G,-Gy and L1 =G, |r and Ly, =Gy [ r (Defn. V.1, 3Gy, 3G»)
impl. G =G, -Gy and ((G1-Ga) [r)] (F1)
impl. (G[r)] )

e Step. [T|Par] G [r=G,||G2 and G, and G.o|
Similar to the proof of step [T|Seq].
e Step. [T|Call] G [r = (Xy|{X;+— Li}icr) and bind({X; — L;}icr,{Xi — Li}ier(Xg))
e H1. Conclude:
L;=G;|r forall i e (3{GYier)

impl. bind({X; — Li}icr, {Xi = Li }ZEI(Xk)) = ()
bind({X; = G [ r}ier, {Xi = Gi [ m}ier(X3))
impl. bind({X; — L;}ier, {X; — L; }Zel(Xk)) = (-)
bind({X; — G [ r}ier, {Xi = Giticr(X3) 1)
impl. bind({X; — L;}icr, {Xi = Li}icr(Xy)) = (Thm. V.1)
bind({X; — Gilier, {Xs = Gi}icr (X)) [ 7
impl. bind({X; — L;}ier, {Xs = Li}ier(Xy)) = (Step)
bind({X; — Gilier, {X; = Gi}icr(X3)) [ and
bind({X; — L;}ier, {Xi = Li}tier(Xx)) 4
impl. bind({X; — Gi}icr, {Xi = GiYier(Xi)) L (Induction)
impl. (X, |{X; — Gilics) | (T|Call)
Conclude:
G Ir= (X [{Xi— Liticr) (Step)
impl. G = (X;|{X; — Gi}ics) and [L; = G; | r forall i €[] (Defn. V.1, 3{G;}ier)
impl. (G [7)4 ()

QED.
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S Theorem V.3
Proof of 1.

e Al. G5 (&
By induction on A1l (Defn. I1.2):

e Base. [R|Act] G=g and G' =11

Conclude:
glreh
impl. g [r i
impl. g [r lry (X Tr)
impl. (G |r) glr, (G I'r)

e Step. [R|Alt]] G=G,+Gy and G' =G and G; 5 G

Conclude:

G4 @)
impl. (G [r) ILN (GYr)
impl. (Gy[r) gl (Gy|r) and Gy [r el
impl. (Gy [ 7)+ (Gy | ) L5 (G 1)
impl. ((Gy+Gy) 1) 25 (G 1 r)
impl. (G [r) lry (G Tr)

e Step. [R|AIt2] G=G1+Gy and G' =G, and Gy 5 G,
Similar to the proof of step [R|Alt1].

e Step. [R|Seql] G =G,-G; and G' =G} -Gy and G, % G
Similar to the proof of step [R|Alt1].

e Step. [R|Seq2] G=G,-Gy and G' =G, and G, | and Gy & G,

Conclude:

Gil and Gy 4 G
impl. G, | and (G, [r) 25 (G, [r)
impl. (G 17)! and (G |7) 2% (G| r)
impl. ( (
impl. ((G1-G2) [7) 2% (Gh [ 7)
impl. (
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(Lem. V.1:1)
(R|Act)
(Defn. V.1)
(Base)

(Step
(Induction
(Lem. V.1:2

(R|Alt1
(Defn. V.1
(Step

)
)
)
)
)
)

(Step
(Induction

(Thm. V.2:1

(Defn. V.1

)

)

)
(R[Seq2)
)

(Step)
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e Step. [R|Parl] G =G| Gy and G' =G} |Gy and G; & G
Similar to the proof of step [R|Alt1].

e Step. [R|Par2] G =G,||Gy and G' =G ||Gy and Gy & G,
Similar to the proof of step [R|Alt1].

e Step. [R|Call] G = (Xi|{X;— G;}ics) and

blnd({XZ — Gi}ie[, {Xz — Gz}zEI(Xk)) = G

Conclude:

impl.
impl.
impl.
impl.
impl.
impl.

QED.

Proof of 2.

bind({X; = G }ier, {Xi = Gitier(Xi)) L G

(bind({X; > Gilier, {Xs = Gilier (X)) 17) L5 (G 17)
bind({X; — G, | }ier, {Xi = Gitier(Xi) T7) 25 (G 17)
bind({X; — Gy | 7Yier, { X — Gy [ 7hier(Xe)) L5 (G 1 r)

(X |{Xi = Gi | r}ier) ol (G"I'r)
(X[ {X: = Gitier) T7) L2 (G T 7)
(G 1r) 245 (G )

e Al. G|rL I/

By induction on A1 (Defn. 11.2):

e Base. [R|Act] G|r=g|r and L' =1

e C1. Conclude:

L'=1

impl. L' =1 [r

Conclude:
Glr=glr
impl. G=g
impl. G =g and g & 11
impl. G £ 1
impl. G &1 and L' =1 |r

impl.

GL G and L'=G'|r

o Step. [R|Alt]] G [r=L;+Ly and L' =L} and L, <% I}

114
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e D1. Conclude:
Li=G|r
impl. L; =G, |r and L, Gir, L}
impl. G; % G and L) =G | r
e D2. Conclude:
G=G,+Gy and G & &,
impl. G =G+ G, and (G +G,) L G
impl. G % &4
Conclude:
Glr=L+L
impl. G = G,+Gy and L, = G4 [r
impl. G=G14+G, and Gy % G and L, =G | r
impl. G % G4 and L), =G | r
impl. G % G% and L' =G | r
impl. G % G and L' =G |r
e Step. [RIAIt2] G|r=Li+Ly, and L' = L), and L, 4% L}
Similar to the proof of step [R|Alt1].
e Step. [R[Seql] G|r=Li-Ly and L' =L} - Ly and L, 2% L/
e F1. Conclude:
Li=Gilr
impl. L, =G, | r and L, EIUN L}
impl. G, % G, and L, =G | r
e F2. Conclude:
G=G,-G5 and G; L &,
impl. G =G, -G, and (Gy-Gs) L (G- Gy)
impl. G % (G +G)
e F3. Conclude:
L=G"rand Ly =Gy |r
impl. L} Ly = (G| [r)-(Gy )
impl. L) Ly = (G} -Gy) [ 7
impl. L' = (G} -Gy) | r
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(3G4)
(Step)
(Induction, 3G%)

(3G, 3G, 3G,)
(R|Alt1)
()

(3G1)
(Step)
(Induction, 3G%)

(3G1, 3G, 3G,)
(R[Seql)
-)

(3G1, 3G,
(-

(Defn. V.1
(Step

)
)
)
)
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Conclude:

Glr=L Ly (Step)
impl. G=G,-Gy and L1 =G, |r and Ly =Gy [ r (Defn. V.1, 3G, EIGQ)
impl. G=G,-G, and G, % G and L, =G |r and Ly, =G5 | 7 (F1, 3G%)
impl. G % (G-G,) and L) =G |r and Ly =Gy | r (F2)
impl. G % (G -G,) and L' = (G -Gy) | r (F3)
impl. G % &' and L' =G’ | r (3G")

e Step. [R|Seq2] G|r=1L;-Ly and L' =L, and L,] and L, LN L,
e G1. Conclude:

= GQ r?“ (Elé2>
1mp1 LQ Gy |7 and Ly 4% I, (Step)
impl. Gy % G and L), =G | r (Induction, 3G%)

e G2. Conclude:
=Gy r (3Gh)
1mpl L1 Gilr and L; | (Step)
impl. (G [r)] )
impl. G, (Thm. V.2:2)

e G3. Conclude:

L1 = él rT and ég i> G/Q (3@1, 3@2, 3@&)
impl. G| and Gy % G}, (G2)
impl. (G-G,) L G, (R|Seq?2)

e G4. Conclude:

G = G1 G2 and L1 G1 rT’ and ég i) GIQ (3@1, Elég, 3@%)
impl. G =G,-G, and (G, -G,) L G, (G3)
impl. G % @ ()

Conclude:

Glr=L Ly (Step)
impl. G=G,-Gy, and L1 =G, |r and Ly =G, | r (Defn. V.1, 3Gy, 3G5)
impl. G = G1 Gy and Ly =G, |r and Gy % G and Ly =G | r (G1, 3GY)
impl. G and L, =Gy | r (G4)
impl. G % G, and L' =G, |r (Step)
impl. G )
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o Step. [R|Parl] G [r=1Li| L, and I' = L || L, and L, 2 I}
Similar to the proof of step [R|Seql].

e Step. [R[Par2] G |r=1Li| Ly and L' = Ly || Ly and Ly 2% L}
Similar to the proof of step [R[Seql].

e Step. [R|Call] G [r = (X;|[{X;— Li}icr) and
bind({X; — L;}ier, {Xi — Li}tier (X)) LN i

e J1. Conclude:

L;=G;|r forall iel
impl. bind({X; — L;}ier, {Xi = Li}ticr(Xy)) =
bind({X; = G [ rhier, {Xi = Gy [ r}ier(Xa))
impl. bind({X; = Li}ier, {Xi = Li}ier(Xy)) =
bind({X; — Gi I }ier, {Xi = Gitier( Xy
impl. bind({X; — L;}ier, {X; = Li}ier( X)) =
bind({X; = Gi}ier, {Xi = Gitier(Xi)) 7
impl. bind({X; = Li}ier, {Xi = Li}ic1(Xi)) =
bind({X; — Gi}ier, {X; = Gitier(Xy)) f7“ an
bind({X; — Li}ier, {Xi = Li}ier(X5)) 25 L’
impl. bind({X; = Gi}icr, {Xi = Gi}tics(Xx)) & G’ and
L=&1r

\_/

)

e J2. Conclude:

G = (X[ {X; — G;}ie;) and

bind({X; — Gilier, {Xi = Gi}icr(X1)) L &
impl. G = (X, |{X; — G;}ic;) and (X, |{X; — G,}ic)) L &
impl. G % G

Conclude:
G 1= (Xp{Xi Liticr)

impl. G = (X;|{X; — Gi}ic;) and [Li =G, |r forall ic I]
impl. G = (X, |{X; — G,}ic;) and

blnd({Xl — éi}ieb {Xz — éz}zEI(Xk)) i) G, and L = G, rT‘

impl. G % G and L' =G | r

QED.
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(3H{Gilier)

)
(Thm. V.1)

(Step)

(Induction, 3G")

(3{Gi}ier, IG")
(R|Call)

)

(Step)
(Defn. V.l, H{Gi}iel)
(J1, 3G")

(J2)
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T Theorem V.4
Proof of 1. By coinduction on {((G | #1,71), (G | 74, 7,)) | true}:
e Step. obj € {((G | 71,71), (G| s, 7)) | true}

e C1. Conclude:

g7 € act(G ) (3G, 3g, Iy, Ir)
impl. § 7 e{l|(GI7)5 L)} (Defn. 11.3)
impl. (G [7) 2™ L (3LY)
impl. (G7) 2% [ and G4 G and L), =G |7 (Thm. V.3:2, 3G")
impl. (G 7)) 2% (G 17) and G L & (-)
impl. (G 7) 2% (G 17) and (G| 7)) 225 (G ] 7o) (Thm. V.3:1)
impl. (G [ 71, 71), (G | 72, 7)) € {((G | 71,71), (G | Py, 7)) | true} and ()
(G 171) 2% (G 171) and (G [75) 22 (G | )
impl. (L}, 7), (L5, 7)) € {((G ] #1,71), (G | #4,75)) | true} and (3L}, 3LY)
(G 1) 22 LY and (G ) 22 L)
e C2. Conclude:
G |7 € act(G | 7y) (3G, 3g, 37, 37,)
impl. § 7 e {I|(G17) 5 IL) (Defn. 11.3)
impl. (G [ 7y) L2 L, (3Ly)
impl. (G 7)) 22 [} and G4 G and L) =G |7y (Thm. V.3:2, 3G")
impl. (G 7)) 225 (' 7,) and G % G (-)
impl. (G 7)) 22 (G |7) and (G| 7) 22 (G 7) (Thm. V.3:1)
impl. (G [ 71, 71), (G | 72, 7)) € {((G | 71,71), (G | Py, 7)) | true} and ()
(G 7)) L2 (G 1 7) and (G [ 7) L2 (G 7)
impl. (L}, 7), (L}, 7)) € {((G ] #1,71), (G | #4,75)) | true} and (3L}, 3LY)
(G 7,) 22 Ly and (G 7y) 22 L
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e C3. Conclude:

119

(3G, Iy, Iry)

1) o
obj = ((G | 71,71), (G | 7o, ~2>>
impl. (G 71, 71), (G | Fa, 7)) € {{(G | #1,71), (G | g, 7)) | true} =)
(LY, 71), (Lh, 7)) € {((G 171, 71), (G | P, 7)) | true}]
N oh =\ 9Tt For N on o~ gl /
impl. and (G |r) -~ L] and ~G [T9) = Lo and (B1. B2)
for some L}, L)
I forall § m € act(G | 7)
(L7, 1), (L, 7)) € {<( [ #1,71), (G| 72, 72)) | true}
and (@[f) L'1 and ém)%ié
- and
for some L), L)
I forall § |7y € act(G | 7) ]
(G 171,71), (G [ 72, 72)) € {((G [ 71,71), (G | P, 7)) | true}
impl. ((G [ 71, 71), <G [ 7o, T9)) € < (Defn. V.2 = Coinduction)
Conclude
obj € {((G | 1,71), (G | P4, 75)) | true} (Step)
impl. obj € {((G | 71,71), (G | 5, 7)) | true} and (3G, 3y, Iry)
obj = ((G | #1,71), (G | a,72))
impl. obj = (G | 71,7,), (G | 79, 7)) and (G | 71,71), (G | 7, 72)) € = (C3)
impl. obj € < (=)
QED.
Proof of 2. Conclude:
Glr,Glry el (Lem. V.1:2)
1mpl <<é [7‘1,7"1> <G 7“2,7"2>> € {<< >, <é rf2’,,§2>> ’ true} (*)
impl. ((G [ 71,7), (G | 7o, 7)) € =< (Thm. V.4:1)

QED.

U Theorem VI.1

Proof.

o Al. (L(p),p) = (L(q),q)
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e A2. ChainL(p)

o A3. L(p) == L'(p)

o Ad. L'(p) 2% £r(p)
e A5. ChainL(q)

e A6. L(q) = L'(q)

o AT. L(q) Y £(g)
e B1l. Conclude:

impl. Hﬁ’l = [A/Q

Chain L(p) and Chain L(q)
and [ = l;} for all {[,(p) LN

[t -1,

(#)Nr(l) # 0 and
[Chain ﬁf, or [ ¢ AT}
for all L(p) RN fsz, 4 i§,§

e B2. Conclude:

</~’(p), p) =
(L3, p) =

and [, = l}} for all {E(q)

(L (Q)7Q>
( ,q) and 1

and [[

IA/l and L(p) l—2>
by i and L(q) 2
r(7)Nr(l) # 0 and

Chain Lg or [ ¢ AT}
forall L(q) RN flg 4 E?ﬁ

(Ly.p)

- (T8 1
= <Lq,q) and

impl.

L
L(p) LIEN L§ and
L(q) 2%

for some Lg,ig

| forall §[peact(L(p)) |

By induction on B1 (Defn. II1.5):

and

| for all

e, =
L(p) L2 LE, and
ila.

L(q) L% Lg

78 18
for some Lp, Lq

g1qé€act(L(q)) |

e Base. [TR|Basc]
[TR|Base]

L(p) s £(p
L(g) Sty £(g)

~—

e C1. Conclude:

L(p) s £/ (p)
impl. u; #p # 0
impl. p ¢ {uy,v}

] an
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(A2, A5)
(Defn. VI.1)

(A1)

(Defn. V.2)

(Base)
(Defn. 1.3)

)
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e C2. Conclude:

impl. r
impl.
impl.
impl.
impl.

L(p) S L'(p) 255 L(p)
r(ehyn) Nr(pg'U) # 0
{ur,vi} N {p. q} #0

p € {uy, v} or q € {us, v}
q € {ur,v1}

g=u; or q=1u

By case distintion on C2:

e Case. ¢ =1

Conclude:

impl. ¢
impl. ¢
impl.
impl.
impl.
impl.
impl.
impl.
impl.

E(p) e E’(p)

el €4 L(p) & LI}
eho € act(L(p))
uy—vy:U [ p € act(L(p))
Llg) H= L

L(q

q—>v1: U L*

e Case. ¢ =1y

Similar to the proof of case ¢ = u;.

e Step. [TR|Base] L(p) Sy £/(p)
[TR[Pre] L(q) 225 L = L£'(q)
Similar to the proof of step [TR|Base|[TR|Base].

o Step. [TR|Pre] L(p) Zawsy L, =~ L'(p)
[TR|Base] L(q) <223 £/(q)
Similar to the proof of step [TR|Base|[TR|Base].

o Step. [TR|Pre] L(p) v LF = L/(p)
[TR|Pre] L(g) w2y L} = L'(q)
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(Base

(-
(Defn. 11.3

)
)
)
(Defn. V.1, 30)
(B2, 3L* :)
(Case)

(Defn. V.1)
(Step)

(B1)
=)
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e H1. Conclude:

L(p) =il T1 and £(g) 2V L (3L}, 3L})
impl. £(p) Sty Ly and L(p) sneunille, LY and (Step)
L(q) vy LF and L£(q) =279, 1
impl. L} = ij, and L} =L} (B1)
impl. L) = E; and L, = ET and (Step)
L(p) Sy L¥ = L'(p) and L(q) 222 L) = L/(q)
impl. £(p) s LT = L'(p) and L(q) S22y LT = £'(q) )
e H2. Conclude:
L(p) < L = L'(p) and L{q) 25 L = L'(q) (3L}, 3L})
impl. L(p )—u» L} =# L}l and (Defn. 1115, 3LIT, 3LIT, 37, 37,)
L(q) Elguy LT LTT
impl. [Chaln LIT, or 7, ¢ AT} and [Chain E; or 7, ¢ AT] (B1)
impl. Chain I}; and Chain Z)Z (Defn. 1.3)
e H3. Conclude:
u1 —v1:Ulgq u1 —v1:Ulgq 7 7
L(p) =2llt I and L£(q) =09, L (3LI, 3LY)
impl. £(p) St LY = £'(p) and L(q) Shovay L(TZ = L'(q) (H1)
impl. Chain L = £'(p) and Chain L} = L'(q) (H2)
impl. Chain L! = £'(p) 2% L£"(p) and Chain L = £'(q) 22% £"(p) (A4, A7)
Conclude:
c<p> S L) (Step)
impl. & € {1 Lp ) } =)
impl. € € act(L(p)) (Defn. 11.3)
impl. u;—v:U [ p € act(L(p)) (Defn. V.1, 30)
impl. (L, p) < (L}, q) and £(p) “=2%% [} and £(q) 20 L (B2, 3L}, 3L})
impl. <E;,p> = (f}g,q> and (H3)
Chain L} =+ £'(p) 22— Y £"(p) and Chain LY = L'(q) 220 £ (p)
impl. false (Induction)

QED.
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vV

Theorem VI1.2

Proof of 1.

Al. (L(71),71) < (L(F2),72) forall 71,7 € dom L
A2. EC(L(7)) forall # € dom L
A3. L= L
A4, [ 2=TT g
B1. Conclude:
[ p=al, p—=q:U L
impl. £'(p) 2% £"(p) and £'(q) 2% £"(q) and
L' =Lp— L(p),q—~ L(q)]
B2. Conclude:
L= L
impl. dom £ = dom £’

B3. Conclude:

,C/( ) qu E”( ) and ,C/( ) pq?U ,C”( )
impl. p,q € dom £’ and p,q € dom L"

impl. p,q € dom £ and p,q € dom L' and p,q € dom L"

B4. Conclude:

L= L

impl. |L(7) = L(7) or L(7) = L(7)] forall # € dom £

B5. Conclude:

p,q € dom L
impl.

[£(p) = L(p) or L(p) = L'(p)] and |L(g) = L'(g) or L(q) = L'(q)]
impl. [L(p) = L(p) and L(q) = L'(q)| or [L(p) = L'(p) and L(q) =
£(p) = £'(p) and L(q) = L'(q)] or [L(p) = L'(p) and L(q) =
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(A4)
(R|Grpl)

(A3)
(Thm. 111.4:5)

(A3)
(Thm. 111.4:7)

(q)] or ()
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e B6. Conclude:

impl.
impl.

impl.

p,q € dom L
EC(L(p)) and EC(L(q))
EC,1v(L(p)) and EC] ,;(L(q))

[ [L” Ly and L(p) 2% Lr S L] or
{L;’ ~ L and L(p) 2% *} or Chain L(p)

* kk
for some Lp, Lp

and

forall L(p ) -

E/ pq!U [://
22Uy [r L L] or
L*} or Chain L(q)

for some L* L**

forall L(q) = L’

e B7. Conclude:

[ el p—~q:U L
impl. p # ¢

e B&. Conclude:

7 e (dom L)\ {p,q}
impl. 7 € dom L' and 7 ¢ {p,q}
(7

) =L'(7) and 7 ¢ {p,q}

impl. £

L//

impl.

impl.
impl.

L'(r) = L'(F) and 7 ¢ {p,q} and
p,q € dom £ and p,q € dom L"” and p # ¢

(L'p— L"(p),q— L (@))(F) =
(L'[p— L"(p),q— L"(q)])(F) =

e B9. Conclude:

true

(L'p = Ly, q = LY)(7)
(L'p = Ly, q = LY])(7)

impl. p,q € dom L and p,q € domL" and p # q

impl. dom L'[p — L"(p),q— L"(¢q)] = dom L' = dom L'[p — I)f,, q— INLE]
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(B3)
(A2)
(Defn. VI.3)

(Defn. VI.2)

(A4)
(Defn. 1.3)

(3LS, 3LS, 37
(-

(-
(B3, B7

)
)
)
)

()
(Lem. 111.1:5)

(3L, 3L)
(B3, B7)
)
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e B10. Conclude:

impl.

impl.

impl.

impl.

impl.

impl.
impl.

L"(p) ~ L} and L"(q) ~ L}
L"(p) ~ Eg and L"(q) ~ ﬂg and
p,q € dom L and ¢ € dom £L” and p # ¢
(L'p = L"(p),q = L"(@))(p) ~ (L'[p— L}, g L])(p) and
(L'p = L"(p),a = L"(9)])(q) = (L'lp = L, q = Li))(q)
(L'p— L (p (@) () = (Lp— L,§,, ¢ — Li))(p) and
( (@])(a) = ( I(

)

!

g L

—_ — ~— ~—

L'p— L"(p),q— L"(q L'[p+— i§)7q — [:g q) and
[(L']p s L"(p), g L"(@])(7) = (L']p s L, q — LE))(7)]
I forall 7 € (dom£L') \ {p,q} ]
[(L'[p = L"(p),q — L"(@))(P) = (L'[p > LS, q — LE))(7)]
i forall # € dom [’ ]
[(L']p s L"(p), g L"(@])(7) = (L']p s L, q — LE))(7)]

forall # € dom [’

q

)(g
D(p
I
)l
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(3LE, 3LY)
(B3, B7)

)

and (B9)

-dom L'p— L"(p),q— L"(q)] = dom L' = dom L'[p — I~LI§:, q— j)g]

L'p— L'p),q— L"(q)] ~ L'p— LS, q— L]
L'~ L'p— IN/I%, q— ﬂg]

e B11l. Conclude:

impl.
impl.
impl.
impl.

impl.

7 € (dom Lp = L, q— L) \ {p, ¢}

7€ (dom £)\ {p, ¢}

7e€domL and 7 ¢ {p,q}

[L(7) = L'(7) or L(7) = L(7)] and 7 ¢ {p,q}

(Lem. II1.1:9)
(B1)

(3L$, 3LE, 37)
)

)

(B4)

)

= dom £’ (B3)
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e B12. Conclude:

impl.

e B13. Conclude:

Llp— LS, q— L

[[(Llp— L}, q— LE(7) = L/
(Llp = Ly, q = LE)(7) = L'(7
and {p,q} C dom £ = dom £’
forall 7 € (dom £) \ {p, q}
Llp— LS g L S Lp s LY, g LY or
=L'[p— LS, q— L]

p,q € dom L
impl. (L(p),p) < (L(q),q)

e B14. Conclude:

<£(p), p) =
(Ly,p) =
L(

impl. |[|L(q

) 2

(£ (),Q>

( ,q) and 1
p) Slpy L§ and

§ 78
for some Lp, Lq

| forall §[p e act(L(p)) |

By case distinction on B5:

| for all

e Case. L(p) = L'(p) and L(q) = L'(q)

e C1. Conclude:

E; =
— EI*,* and E; =
impl. (L'[p— L2 q— L)) (p) =

impl. E;

impl.

T sk T T T*x
L) and L, = L

(Ly,p) =
L(p) S, EE and
and |||L(q) Sla,
for some ﬂg,ig

9 1qe€act(L(q)) |

7) o r]
") for all ii,f)i

(Lg.q) andl]]]

758
Lq

E;* and p,q € dom L' and p #q
Ly and (L'[p— L), q— L}])(q) = L’
L'[p— E;, q f};] = L'[p— E;, g ﬂ;}[p — Z;*] and

Llp—Lyg— L= Lp— L g Llg— L]

impl.

Ll Ly g L) = Ll L g L) = Lper Ly g L]

impl. L'[p — E;, q— E;] = L'p— Z;*, q— f};*]

impl. L[p— i;,q — E:‘I] = L'[p Z;,q — EN;] = L'p— E;*a q ﬂ;*] or

Llp— Ly,q— Ly = L'p— L, q— L]

impl. L[p— f);, q— Z)Z] = L'[p— E;*a qr i;*]

for all IA,Z%, ig
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(B11)

(Thm. 111.4:4)

(B13)

(Defn. V.2)

(3Ly, 3Ly, 3L, L**

)

(B3, B7)
)

:2)

(Thm. 1114

-)
(Thm. 111.3:1)
(B12)

(Thm. 111.3:1)
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e C2. Conclude:

impl.

impl.

L'(p) ~ Lx* and L(p) 2% [ & [ and (3Lx, 3Lz, 3Lx, L)
L' (q) = L’“k and L(q) X L* = L**

L'~ Lpw L g~ L] and (B10, R|Grpl, C1)
Jand KN —= Llp— f}*,q — E*] = L'[p— [N/;*,q — Efl*]

L'~ L* and £ 222U fr Lo £ (3L*, 3L*)

e C3. Conclude:

impl.
impl.
impl.
impl.
impl.

impl.

Ly = Ly (3Lx, 3Lz, 3L7)
Ly = L;:“ and p~, q € dom L: and p #q (B3, B7)
(Clos Lo ED0) S L7 )
Llp—Lig— L= Lp— L g Lip— L] (Thm. 111.4:2)
Llpw Lyqrr L) = Lp— L q = L] )
Llp — E;, q— E;] = L'[p— ﬁ;, q— ﬁ;] = L'[p — Z;*, q— E:’;] or (B12)
Llp — f);,q — i;] = L'[p— f};*,q — i;]

Llp— Lyqg— L] = L'p— L, q— L] (Thm. I11.3:1)

e C4. Conclude:

impl.

impl.

L"(p) ~ Ly and L(p ) 220, [r L [** and (3Lx, 3Lz, 3LY)
L"(q) ~ L and L(q) 2= L*

L'~ L'p— L;*, q— LZ} and (B10, R|Grpl, C3)
L= ripes ﬂ*,qH [:*] = L'[p— E;*,qr—> [:Z]

L'~ L and £ 2210 L1 L L (3L*, L)

e C5. Conclude:

impl.
impl.
impl.

L(q) = L'(q) (Case)
# € act(L(q)) (Thm. 111.3:4, 37)
7ef{alLlq) > L) (Defn. 11.3)
Llq) = L (3L,)
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e C6. Conclude:

impl.
impl.
impl.
impl.
impl.
impl.

impl.
impl.

impl.
impl.

L(p) 2% patU, L*
pglU € {1 | Lp) L 1}
pq'U € act(L(p))
p—>q:U [ p € act(L(p))
L(q) =27, [

£lo) 2 £
L(q) 27, L} and L(q) RN L,

£(p) 2% Ly and Chain £(q)

L(q) a0, ~Z and L(q) — f}; and Chain £(q)
L(q) 2% L} and L(q) RaN Ll and

[T{ = TZ’ and &; = 072} for all [L(q) 1,

pq?U =7

false

e C8. Conclude:

impl.
impl.
impl.
impl.

impl.

Tx T Tk
L, = L

Ly = Ly and p,qg € dom £’ and p # g

(L'[p— Ly q— Li))(q) = Ly

Llp g L] 5 Ll g o Llla o L7

Lo Lpa s L1 2 Ll L0 £] 2 Llprs g L] or
Llp— L g~ L] = L'p— Lt g L]

Llp— Lyqg— L] = L'p— Lt q— L]

e C9. Conclude:

impl.

impl.

L' (p) ~ L* and L(p) X~ L* and

L"(q) ~ L** and L(q) 2= L* T L;*

L~ 5’[29 — L. q— L;"] and

L= E[pHL,qr—>[:*]é>£’[p;—>i;;,q;_>[j;*]

£Il E** and ;C £* T E**

(3L, 3Lz, 3Lz
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(3L;)
)
(Defn. 11.3)
(Defn. V.1)
(B14, 3L)
(Defn. V.1)
(C5, 3L, 37)

(3L)

(06, HEL Elf’:ﬁ E|7~")

(Defn. VI.1)

()
(Defn. 1.3)

)
(B3, B7)

(=)

(Thm. I11.4:2)
(B12)

(Thm. T11.3:1)

(3L, 3Lz, 3L7)

(B10, R|Grpl, C8)

(32*’ 32“)
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e C10. Conclude:

L"(p) ~ L} and L(p) 2= v L: and

£"(q) ~ L and L(q) 2= R ELUN L

impl. "~ L'[p+— E;, qr L;] and £ 2=2Y, Lp — f};, qr Z;]
L'~ Lp~ Ly, q— L;] and
Ju i KN —= Llp— [N/;,q»—> INJ*] = E’[pl—> E*,q»—) E*]
{E”%ﬁ’[plﬁi*,qwf/]andﬁ E'[pHL,qHE;]}
impl. {ﬁ” ~ L™ and £ 22405 0D E**}
L'~ £ and £ 2=T0, 2]

impl. or

e C11. Conclude:

L(p) = L'(p)
impl. 7 € act(L(p)) )
impl. ¥ € {a|L(p) = E;}

impl. £(p) = L

e C12. Conclude:

,C(q) pq”U L*

pg?U € {I| L(g) > L}
pq?U € act(L(q))
p—q:U | q € act(L(q))

£(p) 2=y

impl.
impl.
impl.
impl.
impl.
impl.

e C13. Conclude:
Chain L(p) and L(q) —— RLELUN L*
impl. Chain £(p) and £(p) 225 LT and L(p )T—/> L
[Al’ =T} and 4, = @2}
for all { (p) 25 77 and L(p) 22 AQ’]
L(p) 225 LT and L(p )%—l>f/;
impl. pq!U =7

impl. and

impl. false
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(3L, 3Ly

(B10, R|Grpl)

(B12)

(3L*, 3L)

(Case

(Thm. T11.3:4, 37
(Defn. 11.3

3L,

e — — —

(3L;)

q

(C12, 3L}, 3L, 37)

(Defn. VI.1)

)
(Defn. 1.3)
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e C14. Conclude:

L(p) = L'(p) and L(q) = L'(q)
impl. £(p) = L'(p) and L(q) =~ L'(q)

e C15. Conclude:

130

(Case)
(Thm. I11.6:2)

Chain L(p) and Chain £(q)

impl. (L(p),p) =

impl. false

Conclude:

Llp) < L'(p) 2% c"< > and c< ) S L'(q) 225 L£(g)

impl.

impl.

[Cham L(p) a
_Chain L(p)
'Chain £(p)

and L"(q) ~ L
and Chain L(q)

(L(g),q) and
Chain £(p) == £'(p) 2% £”(p) and Chain L(q) = L£'(q) 2%

and L£(q) 2%
and £(q) 2% L*]

(B13, C14, B1)
E//( )
(Thm. VI.1)

(Case, B1)

and (B6, 3L, 3Lx*, 3L%, 3L%)

*} or Chain L(p)

P Ly 5 Ly or _
*} or Chain [,(q)_

and
) )

~ or

or

and Chain E(q)} or
P2 i or

impl. |27~ £ and £ 222U £* 5 2] or [£7 ~ £ and £ 2200, £

e Case. L(p) = L'(p) and L(q)

(C2, C4, C7, C9, C10, C7, C13, C13, C15, 3L*, 3L*)

=L'(q)
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o DI1.

impl.
impl.

impl.

Conclude:

true

qc dom ﬁ”
L"(q) = L"(q)
L"(q) ~ L"(q)

e D2. Conclude:

impl.

impl.

£/1<p) ~ f’??
L"(p) ~ LY and L"(q) =~ L"(q)
L'~ Lp~ L, q— L"(q)]

e D3. Conclude:

impl.

L'(q) ELELN L"(q)
L(q) 2255 £(q)

e D4. Conclude:

impl.

impl.

impl.
impl.
impl.

impl.

L(p) 2% L
L(p) 2% L: and L(q) 2T £ (q)

£ 2= Llp s Liq e L£7(g)]

D5. Conclude:

iz i
i; = f,;;* and p,q € dom L

(Llp = Ly, q = L"(9)))(p) = L
Llp s L g s £'(0)

L Lp = Liq e L())p = L3
Llp L g L"(q)] =

L
Llp— Ly, q— L"(q)]

e D6. Conclude:

impl.

impl.

impl.

impl.

Lip) 2% L & Ly

L2200 Llpes Lig e L7(q)] = Llp— L g — L7(q)]
L2208 Llpes Lig e L£7(q)] = Llp— L3, g L(q)] and
Ll Lt g L) S £l Lo o £q)] or

Llp— L) g L'(q) =L'p— Ly, q— L"(q)]

£ 2= £lp L:.q+ L"(q)] and

L= Lyqm L"(q)] = Llp — Ly aw L"(q)] and| or
Llp— Ly, q— L"(q)) = L'p— L, q— L"(q)]

LD Llp s Lyg s £7(q)] S Llp s Ly g £7(q)]

LI Llp s Lg o L) S Ll L L))
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(3L})
(B3)

)
(Lem. II1.1:5)
(3L})
(D1)
(B10)

(B1)
(Case)

(3L, 3Ly
(D4, D5)
(B12)

)

(Thm. 111.3:1)
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e D7. Conclude:

L"(p) ~ L* and L(p) 2% L[5 S L2

impl. £~ L'[p— L, q— L"(q)] and
R nd N p—>q:U ﬁ[pl%i*,q%ﬁn( )} £> L’[p'—>[:;*,q»—>£"(q)]
impl. £" ~ £* and £ 2=9¢Y f* Iy £

e D8&. Conclude:

Lp) 5 L

p—~q:U

impl. £ 2245 Llp— Ly, g — L"(q)]
(

p—q:U

impl. L —= L[p+— E;,q — L"(q)] and

Llpw Liqge L(q)] = L'pw Lk g+ L"(q)] or

Llp— Ly, q— L"(q))

p—~q:U

=Lpw L, q— L"(q)]

impl. £ —= L[p+— L ,q— L"(q)] = L'[p— [:;;,C] — L"(q)] or
L E=E Llp s LY g L(q)]

e D9. Conclude:

£"(p) ~ L; and L(p) 2= v L
impl. £~ L'[p— L%, q— L£"(g)] and

impl.

{E”zﬁ’[pHL q|—>£”( )] and £ =L

impl. {E” ~ L™ and £ 2245,

[ I E**}

[c”~£* and £ 2=2Y, c*}

e D10. Conclude:

L(p) = L'(p)
impl. 7 € act(L(p))
impl. 7 € {a| L(p) = i;}
impl. L(p) RaN E;

£ 225 Llp o Lyg = £(a)] Z L'[p = Lyq = L(q)] or
L= Lp s LY, g > L7(q)] ]
L~ E'[p — L2, q— L£"(q)] and

L=ae, L[pHL q— L"(q)] =T>£/[pl—>l~)* q— L"(q )]] or

S Llpe Lyg— L'(q)]

(Thm. I11.3:4, 37/
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(3Lx, 3L3)
(D2, D6)
(3L*, 3L*)
(3L)

(D4)
(B12)

(D2, D8)

)

(3£*, 3L*)

(Case

(Defn. 11.3

)
)
)
(3L;)
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e D11. Conclude:

L) *5 £'(q)
impl. pg?U € {l| L(q) iN I:;}
impl. pq?U € act(L(q))
impl. p—q:U | q € act(L(q))

impl. £
impl. £
impl. £

(») p=q:Ulp, LT

e D12. Conclude:

Chain L(p)

impl. {TI’ =Ty and & = OAZQ} for all [ﬁ(p) L

impl. pq!U = 7

impl. false

Conclude:

L(p) = L'(p) 2% £ (p)
impl. [£"(p) ~ L** and L(p) 227 L* = I’;*} or

impl. [E” ~ L and £ 222U, p £> E**} or
"~ L and £ 20 [

e Case. L(p)

= L'(p) and L(q) = L'(q)

T! and L(p) 22

Similar to the proof of case {[,(p) = L'(p) and L(q) = E’(q)}.

e Case. L(p)

e F'1. Conclude:

= L'(p) and L(q) = L'(q)

£'(p) =% £'(p) and L'(q) P
impl. E( ) qu £//< ) and E( ) pqtU, U £”< )

impl. £

U
pP—q:

Llp— L"(p),q— L"(q)]

EII( )
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(D3)

()
Defn. 11.3)

(
(Defn. V. 1)
(

b)
(Defn V.1)
(D10, 3L, 3#)

jg] (Defn. VI.1)
(D11)
(Defn. 1.3)

(Case, B1)
(B6, 3L%, 3L)

(D7, D9, D12, 3£7, 3£

(B1)
(Case)
(R|Grpl)
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e 2. Conclude:

p,q € dom L” (B3)
impl. L[p— L"(p),q— L"(q)] = L'[p+ L"(p),q— L"(q)] or (B12)
Llp— L"(p), g L"(q)] = Lp— L (p),q— L"(q)]
impl. L[p— L"(p),q— L"(q)] = L" or L]p— L"(p),q+ L"(q)] = L" (B1)
impl. {E[p — L"(p),q— L"(q)] = L" and L' = £”} or ()
Llp L"(p),q— L"(q)] = L"
impl. [L[p — L"(p),q > L"(q)] = £" and L" ~ L"] or (Lem. 111.1:5)
Llp v L"(p), g+ L"(q)] = L"

Conclude:
L2228 rlp s £(p), g — L£"(q)] and (F1, F2)
Llp = L"(p),q — L"(¢)] = £" and L" ~ L] or
Lp = L"(p),q v L"(q)] = L"

impl. [E Eind SN Llp— L"(p),q— L"(q)] = L" and L' ~ E”} or (-)
£ 2 Lp s £(p), g — £"(q)] and Lp = L (p),q — L (q)] ~ L]

impl. [£ 2=%Y £+ I £* and £ ~ E”} or (3L, 3L)
[ﬁ 1240y £* and L* ~ L]

impl. £ p=aUy px I £ and L'~ E**] or (Lem. IT1.1:7)
£ =00 £ and L7~ L]

QED.

Proof of 2.
o Al. (L(7),71) < (L(72),72) forall 7,7 € dom L
e A2. EC(L(7)) forall # € dom L
e A3. L=/
e Ad4. L'
e B1. Conclude:

L (A4)
impl. £ 2 £” and ¢ §é A, (Defn. 1.3)
impl. £ 25 £V % L2 2" or £/ 2 2T £ or (Thm. I11.3:3, 3£, 3L, 37, 37)

L9 L2 " or L1 L
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By case distinction on B1 (EIET 3L 37y, I1):
e Case. L= LI &4 it 22 oV
e C1. Conclude:

£t 2 (Case)
impl. £ = " (WR|Tau)

e C2. Conclude:

Lt~ L8 (3L)
impl. £T~ £% and LT < 2" (C1)
impl. (£’ ~ L% and £ = ﬁgﬂ or L'~ [} (Thm. TI1.5:3, 3£%)

e C3. Conclude:
£~ £ and £ 9 £ L G GLt 35
impl. [£"~ L% and £ % L' S LW S £%] or (C2, 3L%)
'~ L% and £ % LS ﬁii}
impl. _ﬁ" ~ L% and £ % [t = £~§§} or (Thm. T11.3:1)
'~ L% and £ % LS
impl. _ﬁ" ~L% and L L LS

e C4. Conclude:

LT~ L and £ 2 L (3L
impl. [£"~ L% and £ % £} 5 L%] or [£"~ L' and £ 2 L] (C1, 3L%)
impl. [£"~ L and L% £* % L] or [£" ~ L and L 2% L[] (3L, L)

Conclude:

L5 L2 Lf S L (A3, Case)
impl. £ = L7 % L1 (Thm. I11.3:2)
impl. [(L(f1),71) =< (L(fy),75) forall 7,7, € dom £] and (A1, A2)

:EC(E( ) forall # € dom£| and £ < £F 25 £
impl. :UT ~ L% and £ % [ £ or (Thm. VI.2:1, 3£ 3LH)

£~ £ and £ 5 £t _
impl. c ~ L7 and L5 LS L] or [£7~ L and £ % L] (C3, C4, 3L*, 3L)
impl. [£"~ £ and L& £* S L or [£" ~ L* and £ L L] (WR/|Base)
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e Case. £/ =% £F & 1

Conclude:

impl.

impl.

impl.

LIS 0Ds £f S o

LS LS

(L(7),71) < (L(F2), 2) forall iy, 7, € dom L] and
EC(L(#)) forall # € dom L] and £ = LF 2 2"

L'~L" and L L LS [Z**] or
R

:E" ~ L" and L Z*}

impl.

e Case. L' L LT 22 17

e E1. Conclude:
YN
impl. £/t = 2"

e E2. Conclude:

Lt~ L8
impl. £/ ~ £} and £t & 2"
impl. [£" ~ L% and £} < ﬁgﬂ or L'~ [}

e E3. Conclude:

Lt~ L% and £

impl. [£" ~ L% and £

:E” ~L* and L2 L5 /j**] or [L’” ~ L* and L% EN*]
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(A3, Case)
(Thm. I11.3:2)
(A1, A2)

(Thm. VI.2:1, 3£*, 3L*)

(WR|Base)

(Case)
(WR|Tau)

(3£°)
(E1)
(Thm. I11.5:3, 3£%)

(3LH, 3LH)
(B2, 3L5%)

L L=
WA
'~ L% and £ 4 LS ﬁii}
impl. :E” ~ L% and £ % [t S £~§§] or (Thm. I11.3:1)
£~ £ and £ 2 £ 5 2]
impl. £~ L™ and £ % L* 5 L™ (3L*, 3L)
e E4. Conclude:
LT~ [, and £ % L} (3L
impl. [E” ~L% and £L L LS £~§§} or [E” ~ L' and £ % ﬁi] (E1, 3£%)
impl. [£"~ £ and £ % £* S £”] or [£" ~ L* and £ % L] (3L*, 3L)
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QED.

Conclude:
LS L4 o2 o

impl. [(L(f1),71) =< (L(f),7) forall 1,7, € dom £] and

:EC(E(f)) forall # € dom L] and £ = £ % £

impl. £ ~ £ and £ 9 [t 2 £H] or

iﬁ” ~ L' and L

impl. :E” ~ L* and L

Io b s
2

Case. £ L "

Conclude:
(L(7),71) < (L(F2), o) forall iy, 7, € dom L] and
EC(L(#)) forall # € domL] and £ 5 L' % L

impl. [’ ~ £** and £ % £* < 2**] or
[ 2

impl. [£” ~ £ and £ [*Z ﬁ**} or [[,” ~L* and L2

Proof of 3.

Al. <£(f1),721> = <£(f2),f2> for all fl,fg € dom L
A2. EC(L(7)) forall # € dom L

A3. L=
Ad. L
B1. Conclude:

L~/L
impl. L~ & "
impl. £L2 L*~/L" or g€ A,
impl. £ L*~ L"
impl. £~ (" and L% L*~ ("
impl. £~ £* and L L'~ L*
impl. £"~ L* and £ £*Z L™

£* 5 2] or [E" ~L* and £ L
impl. L'~ L™ and L% £* 5 L] or [£"~ L" and L %
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(A3, Case)
(A1, A2)

(Thm. VI.2:1, 3£t 3LH)

L] (E3, E4, 3£%, 3L)
| (WR|Base)

(A1, A2, A3, Case)
(Thm. VI.2:1, 3£*, 3L*)

| (WR|Base)

(A
(Thm. 111.5:4, 3£*

4)
)
(Defn. 1.3)
(Lem. III.1:6)

@L)
(WR/|Star2)
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By case distinction on A3 (Defn. IV.1):

e Case. [WR|Starl] L~LI 5 LT~ [

e C1. Conclude:

L= L~
impl. £L= LH~ 0 L 0"
impl. £ LH 2L LM or ge A,
impl. £ = LH L Ll o

impl. (E(rl) 71) < (L(79),75) forall 71,7y € dom L
EC(L(#)) forall # € dom L] and £ 5 L 2
impl. [£% ~ " and £ ~ 2% and £ 2

N

L~ " and L% ~ L' and £
impl. (£ ~ [ ~ £% and £ L85 £
7~ £~ £ and £ 2 2]
impl. |[£" ~ L% and £ £ [} S
impl. :E” ~ L% and £

N
=N
'~ [} and £ 2%
' 2,
4
=N

wn

L8~ Zﬂ

L= Z§§} or
L= ﬁﬂ
LY L

impl. [£" ~ £% and £
L'~ L% and L
impl. £"~ L£* and L

Conclude:

LrLVS LT
impl. £L= L¥~ LT or Lr L
impl. £L= L¥~ L or L~ L
impl. £"~L* and £ £*= L™

e Case. [WR|Star2] L=~ [

Conclude:

L~/L
impl. £"~L* and £ £*Z L™

QED.

[ S

FH g o
¥ or

L* ﬂ or {C” ~ L% and £ 2
i8S LB £§§} or
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@cH)

(A4)

(Thm. IIL5:4, 3£
(Defn. 1.3)

(A1, A2)

(Thm. VI.2:2, 3£5, 3L5)

(Lem. 111.1:7)

(Lem. III.1:8)
(Lem. 111.1:6)

(WR|Starl, WR|Star2)

(3L*, 3L*)

(Case)

(Thm. I11.5:4, 3£H)
(Lem. II1.1:8)

(C1, B1, 3L*, 3L*)

(Case)
(B1, 32%, 35+
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W Theorem VII.1

Proof of 1.

o Al. T1 %TQ

o A2, ng; (T1>

e B1. Conclude:

impl.

ot (11)
{T** T/7 and T* at T7* and TT qu or||
{ [+~ T and T} = g T;* and &* EA}
{ %T” and TT:>TTT and aTEA}
|7y ~ 1] and a*,a' € A,

for some T;*, T}

for all [Tl SN Tl* and T; é TIT]

e B2. Conclude:

impl.

impl.
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(A2)

(Defn. VIIL.1)

Ty ~T; and T ~T) and T;* ~T)' and (3T, 3TY, 3T, 3TV, 3T, AT

T* ol T;* and T) SN Tt

T** ~ Ty and Ty LiN T**] for some TQ**} or
- and
T** zT and of € AT}

_T ~ TTT and TT Tﬁ} for some Tﬁ} ~ ~
- and 77" ~ Tt
T/' ~ T] and o* € AT}

TQ** ~ Ty and Ty LiN Tz**] for some TQ**} or

. - and
Ty ~T7 and of € AT}

Tit ~ 7] and T] < TQH] for some T;T] or

. - and T ~ T
TTJr ~ Tl and o* € AT} '

~T ~ T~ Tj' and T3 LN Ts* and T} - TQH} or
2**% ~1**mT1ﬁzTT and T*%T** and a*GA} or
[y ~ Ty ~ T ~ T and T} =5 TJ' and of € A,] or
2* ~ T =~ TlTT ~ T2T and o, ol € AT}

(Thm. I11.5:3)

(Lem. III.1:7)

(3Ty*, 313N
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e B3. Conclude:

impl.

impl.

T¢~T; and T7* ~ T ~TJ and (3T, 3T, 3Ty, 3T, 3T3)
Ty < T;* and o € A,

- B} y K . o
T ~ Ty and T2 ~ T{ ~T) and T} <= T3* and o EAT} or

Ty ~Ty and T ~Tf ~ T and of,a* € A, (Thm. 111.5:3, 3T5%)
[Tz** ~T ~ T ~T) and T < T;* and o € AT} or (Lem. IT1.1:7)

_TQ* ~T ~ T ~T) and o, ol € AT}

e B4. Conclude:

impl.

impl.

Ti~T; and T ~T) and T} ~ Ti" and (3T, 3TY, 3T{T, 3T, 3TY)
Tf SN TIH and of € A,
_Tl* ~T; and T; ~T/" ~ T and T} = )" and of € AT} or

Tl* ~T; and T ~T{" ~ TJ and o, af € AT] (Thm. T11.5:3, 373")
[Tz* ~Ty~T"~Tj" and T} 2 7i" and of € AT} or (Lem. II1.1:7)

_TQ* ~T:~T/'~T] and o*, af € AT}

e B5. Conclude:

impl.

impl.

T ~T; and T} ~TJ and Ty 2> 77 and T} 2 T} (377, 3T}, 3Ty, 3T))
[Tl* ~T; and T] ~ T} and T;* ~T{" and T} LI Ty and T} SN Tlﬂ] or

:Tl* ~T; and T ~ T] ~ T and T TN T7* and o € AT} or

—Tl* ~T; and T) ~TJ and 77 ~ T and T . T/ and of € AT} or

[Tl* ~T; and T} ~ T} ~ TJ and o*,af € AT} (B1, 37, 3T71)
:T~2** ~T* ~ T/~ T]" and T < T3 and Ty = TQH} or

_TQ** ~T* ~T/'~T] and T} LI Ty* and o € AT} or

Tz* ~ T~ Tt~ Ti" and T} = Tj' and of € AT} or

_TQ* ~ T ~ [~ T and o, af € AT} or

_TQ** ~T* ~T ~T) and T} LN T3* and o € AT} or

Tz* ~T* ~T) ~T) and o*,af € AT} or

_TQ* ~ T ~ T~ Ti" and T} AN Tj" and of € AT} or

_TQ* ~T:~T/'~T] and o*, af € AT} or

Ty ~T; ~T] ~ Tf and o*,a' € A/] (B2, B3, B4, Lem. 111.1:7, 373, 3741
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e B6. Conclude:

impl.

impl.

T ~T; and Ty ~ T and T} - T; and of € A,
_Tl* ~T; and T} ~Ti" and T} N Tj' and of € AT} or
Tl* ~T; and T7 ~ T and o*,af € AT}

_TQ* ~T:~T) and T) = 73" and of EAT} or

_TQ* ~ Ty ~T) and o, af € AT}

e B7. Conclude:

impl.

impl.

T} ~ T} and Ty ~ T} and Tléff and o € A,
TIT ~T] and T{ ~ T;* and T} TN Ty* and o EAT} or
Tf ~T! and T} ~ Ty and o af € AT}

- L T
13" ~T! ~ T} and Ty == T;* and o GAT} or

TQ* ~T! ~T] and o*,af € AT}
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(377, 373, 3T3)
(Thm. I11.5:3, 375"

(Lem. III1.1:7)

(311, 373, 313)
(Thm. TI1.5:3, 3T5*)

(Lem. II1.1:7)
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e B8. Conclude:

impl.

impl.

impl.

impl.

impl.

T2 a:*> TZ* and T2 é TQT

T1 ~ TQ and T2 é T* and TQ _a__T> TT (A]_)
HT* ~ T and T 2 T*} for some T*}

5 and (Thm. I11.5:4)
{ T; and o € A }
H ~2 and T} LN TT} for some TJ
{ [ and al € AT}
_Tl ~T; and T) ~ T} and T, =, Tr and T, LN Tf] or (3T, 3TY)

Tl* ~T; and T) ~ T} and T, = Ty and of € AT} or

:TlT ~T) and Ty ~ T} and T, N T) and o € AT} or

:Tl R~ TZ* and 7} ~ Tg and o*,af € AT}

TQ** ~Tr ~ T~ Tj' and T3 =a;> T3 and T) SN TH} or

_T** ~T* ~T/'~T] and Ty <= T3* and o* € A }

Ty ~ Ty ~ T~ Tj" and T} <5 Tf' and of € A, | or

[Tz* ~T ~ T ~ T} and o, af € AT} or

:TQ** ~T ~ T ~T) and T < T3* and o € AT} or

:TQ* ~T* ~T ~T) and o, ol € AT} or

[TZ* R~ Tl* = TITT R T;T and T~2T N T;T and of € AT} or

:TQ* ~T:~T/'~T] and o*, af € AT] or

:TQ* ~T:~T) ~T] and o*,af € AT] or

[T}* R~ Tl* = TQTT and T}T = TQH and of € AT} or

:T~2* ~T'~T) and o, af € AT} or

:T;* ~T) ~ T and T} LN T;* and o € AT} or

[Tz* ~ T/ ~T] and o*, ol € AT} or

T3 ~ T, ~ T and a* ol € A] (B5, B6, B7, Lem. 111.1:7, 373+, 3731
Ty~ Tj" and T3 <5 T3* and T < T§'] or (Lem. 111.1:8)
[Tz** ~T) and Ty} LN Ty* and o* € AT} or

:TQ* ~Tj" and T} - TJ' and of € AT} or

T; ~T) and o', af € A,
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Conclude:

_T;* ~Tj" and T LN T;* and T} = qu or
_TQ** ~T] and T LIN Ty* and o € AT} or
Tz* ~Tj" and T} SO Tj' and of € AT} or
TQ* ~T) and o* o € A,
for some T;*, T}

for all T, o TQ* and 715 é TQT

impl. C% (T%)

QED.

Proof of 2.

Similar to the proof of Thm. VII.1:1.

X Theorem VII.2

Proof of 1.

e Al. CYT) forall 7

e A2. T2

T

e A3. TS Ty

e B1l. Conclude:

impl.
impl.
impl.
impl.
impl.
impl.
impl.

T ~T,

Ty~T

T~T 2T

Ty % T) ~ T or gc A,
Ty L T) ~ T,

T| ~Ty and Tj 2 Ty

T| = Ty and Ty % T)
T & 7 and T, % 7

By case distinction on A3 (Defn. IV.1):

e Case. [WR|Starl] T~Ty = T5* ~ T,
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(B8)

(Defn. VIIL.1)

(Lem. II1.1:7)

(A2)

(Thm. 111.5:4, 377)
(Defn. 1.3)

(Lem. III.1:7)
(WR|Star2)

@)



X THEOREM VII.2

e C1. Conclude:

cy(1)
. 7
impl. -
impl.

T/ ~ T, and T) =
~ Ty and T}
TI’ ~ 1T} and g € AT}

T/ ~Ty and T| = T/ and Tj 2 Tﬂor
= TV and gGA}
=>T2”} or

for some 77,77

for all [T =N

T, and T = TQ/}

{T{’%Té’ and 7] = T/ and Tj 2 TQ”} or

[T; ~ T and T & T;}

for some 77,7

for all [T =N

e C2. Conclude:

T =
impl. T'=
impl.

impl. Tl’

impl.
T ~
impl. {Tl’
T ~
impl.

impl. _T{ A

impl. 7] =

impl. 7] =
impl. 7] =

T~ T}

Fitt & it =

7{ and T < T3]

LT and T = T) ~ T}
_T’ T Tt~ Tt and 7T L
T’ ~Tj"" and T)'
T~ TJ'" and T, ~ Ti" 2
{Tl’ ~ T;” and T, ~ TQTT =N TQT“}
T Z Fiff ~ T and T &
i1t and T} 2
= TITH ~ TQTH and T2’ SN
[T and T3 2
_T{ = T{rﬁ R T;rf’r R sz and T 2 Tgﬂ} or
{Tl’ ~TiM ~ " and Ty 2 T;iﬂ

T Pt Tt~
:T’ ~ Tt ~ T8 and T, % Tirii]

7§ and Tj' ~ 73]
TTTT} or

Tziii ~ Tg“} or
TQHI = Tgﬁ} or ge A,
Tgm ~ TQHT} or
i ~ Ty

% and T, 2

73" and Ty <% T3

73% and Ty 2 T3%

T" and T, 2

TI/

Tt and TJ' ~ T’] or

] or
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(AX)

(Defn. VIL.1)

(Defn. 1.3)

€l

(A2)

(C1, 3T 37T
(Lem. III.1:7)

(Thm. T111.5:4, ITFH)
(Defn. 1.3)

(Lem. III.1:7)

(Lem. II1.1:6)

(WR|Starl, WR|Star2)
(Thm. IV.1:3)
(317)
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Conclude:

T~Ty =Ty ~Ty
impl. TS T~ T3 ~ T, or TR T~ T}
impl. T= T4 ~ T} or T~ T}
impl. 7] = 7" and Ty < 1"

e Case. [WR|Star2] T ~ 1T,
Conclude:
T ~T,
impl. 7] = 7" and Ty 2 T"

QED.
Proof of 2. Similar to the proof of Thm. VII.2:1.
Proof of 3. Similar to the proof of Thm. VII.2:1.
Proof of 4.

o Al. C\(T) forall 7,7

e A2. L= L]

e A3. L= L

e B1l. Conclude:

T2 T ~T and T ~ T,
impl. Ty ~T = T ~ T}
impl. T} 2 T/ ~ T/~ T or T, = T|' ~ T!
impl. T) = T) ~ T| or Ty~ T
impl. [T{ ~ T} and T} = T} or T} ~ T
impl. [Tl’ ~T) and Ty~ Ty = Ty ~ TQN} or [Tl' ~ T, and T, ~ TQ'}
impl. [Tl' = Ty and T = TQ”} or {Tl’ = Ty and Ty = TQ'}
impl. 7] = 7" and T) = T"

(WR|Starl, WR
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(Case)

(Thm. TI1.5:4, 375"
(Lem. II1.1:8)

(C2, B1, 317")

(Case)
(B1, 37")

(377")

(Lem. II1.1:7)
(Thm. I11.5:4, ElT")
(Lem. III.1:8)
(Lem. II1.1:7)
(Lem. I11.1:6)
Star2)

(317)
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e B2. Conclude:

T~T and T = T) ~ T End)
impl. T/ ~T = Ti' ~ T (Lem. T11.1:7)
impl. T/ = T/~ Ty’ = T) or T/ ~ Tj' ~ T} (Thm. I11.5:4, 3T7)
impl. T] = T/~ Ty or T| ~ T} (Lem. III.1:8)
impl. [T{ ~ T} = T} ~ Tj and T} ~ T3] or [T ~ T} and T} ~ T}| (Lem. I11.1:6)
impl. 7] = T} and T; = T3] or [T} = T} and T = Tj) (WR|Starl, WR|Star2)
impl. 7] = 7" and Ty = T" (3T

e B3. Conclude:

T~T, and T =~ T,

impl. T/~ T and Ty~ T (Lem. IIT.1:7)
impl. 7/ = T and T} = T (Thm. 1V.1:2)
impl. 7] = 7" and Ty = T" (31"

By case distinction on A2 and A3 (Defn. IV.1):
e Case. [WR|Starl] T ~ T} = Ty ~T|
[WR|Starl] T ~ Ty = Ty* ~ T,
e C1. Conclude:
Co(T) (A1)
(|77 ~ Ty and 7] & T/ and Ty 2 T3] or]
{Tl” ~T) and T] = T”} or
impl. {TI’ ~ T/ and T) 2 T”} or T ~ T} (Defn. VII.1)

for some T}, T)

for all [T%T{ and T%TQ’
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e C2. Conclude:
T T ~T and T2 T} = T}
impl. 7= T/" and T/ ~ 7" and T = Ti" and T} ~ T}!
impl. |T! ~ T/' 2 T/ ~ Tf1" and T} ~ TiT 2 Tg“} or
:TI/ ~T 2 T = TiT and T3 ~ T“} or
Ty ~T{ ~ T and T} ~ Tf' 2 T] or
:T’ ~ T ~Tj" and T} ~ T“}
impl. :T’ ~ T 2 Fift & Tt and T~ T 2 Tt ~ T”T}
Ty~ T{" 2 Tf1" ~ TJ" and T} ~ T{] or
T~ T ~ Tj"" and T} ~ Tj' 2 T ~ Tf11] or
:T{ ~Ti"~ TI" and Ty =~ TQH}
impl. T{ = T and T = Tgﬂ or
:Tl’ = 79" and T, = qu or
7 = T 2 Tj and T} = T or
7 = T 5 Tff and 73 = 1]
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(1", 31]")
(Lem. II1.1:7)
(C1, 31{", 373")

(Lem. II1.1:6)

(WR|Starl, WR|Star2)

impl. 7] = TJ" and 73 = Tf'| or |1 & 7§ and 7} = 7§ (Lem. II1.1:8)

impl. 7] = 7" and Ty = T"
Conclude:
T~T =T ~T, and T~ Ty = Ty* =~ T,
impl. T:>T ~ T ~T| or Tle**%TJ and
_T=>T2TT%T2**%T2’ or TzTQ**zTé}
impl. _T L, T~ T! or TzT{] and {T%T“%T’ or T%T’}

(37)

(Case)
Thm. [11.5:4, 3757, 37T
1 2

(Lem. III.1:8)

impl. T:>T NTI’andT%TQH%TZ’}or{TiTHNT’andT T'}or ()

T~ T, and T%TQTT%TQ’} or {Tle’ and T%TZ/}
impl. 7] = 7" and T) = T"

e Case. [WR|Starl] T~ T} = 17" ~T|
[WR|Star2] T =~ T,

(C2, B1, B2, B3, 31")
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Conclude:
TrTy =T =T,
impl. T2 T\~ T ~T! or TT ~T!
impl. 7= T/'~T! or T~ T!
impl. [T L T~ T and T ~ TQ'} or {T% T, and T =~ TQ’]

impl. 7] = 7" and T) = T"

e Case. [WR|Star2] T ~ T
[WR|Starl] T ~ Ty = T5* ~ T,

Conclude:

T~Ty, = Ty ~T,
impl. T2 T\~ T/ ~T) or T~ Ty* ~ T}
impl. T2 TJ' ~ T, or T~ T}
impl. [Tle’ and T = T, zTQ’] or {T%Tl’ and Tsz/}

*

impl. 7] = 7" and Ty = 17"

e Case. [WR|Star2] T =~ T
[WR|Star2] T =T,

Conclude:
T~T and T =T,

impl. 7| = 7" and Ty = T"

QED.

Y Theorem VII.3

Proof of 1.
o Al. [CL(L(F)) forall i 7| forall # € dom L
o A2, [ =L pt

e A3. £=T>£/2

148

(Case)
(Thm. I11.5:4, 3771
(Lem. III.1:8)

(Case)
(B1, B3, 37")

(Case)
(Thm. T11.5:4, 3737)
(Lem. TI1.1:8)

(Case)
(B2, B3, 31")

(Case)
(B3, 3T")
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e B1l. Conclude:

Hﬁ(f) = L'(f) or L(F) = E’(f)} for some T] forall 7 € (dom L)\ {p,q}
[L(7) ~ L(7) S L'(7) = L'(7) or L(F) ~ L(F)]

1mpl for some 7 (Lem II1.1:6, Lem. 11115)
forall 7 € (dom L)\ {p,q}
impl. £(#) = L/(#) forall # € (dom £) \ {p, ¢} (WR|Starl, WR|Star2)

e B2. Conclude:

L L2=sly o (A1)
impl. £(p) 2% £'(p) and L(q) ZZ% £/(¢) and (Thm. I11.4:6)
lIEe ):> L'(7) or L(7) = L'(7)] forsome 7] forall 7 € (dom L) \ {p, q}]
impl. £(p) 2% £/(p) and L(q) ZZ% £/(¢) and (B1)

(7
[£(7) = L£'(7) forall # € (dom £)\ {p,q}]

e B3. Conclude:

L(p) Z£5 £(p) and L(q) 225 L](q) (B2)
impl. p,q € dom L )

e B4. Conclude:

[{Cﬁq!U(ﬁ(A)) for all ?] forall 7 € dom ﬁ} and (A1)
HC?‘Z?U(ﬁ(f)) for all %] forall 7 € dom E}
impl. [C2*'"V(L(p)) forall 7| and [C2*"Y(L(q)) forall 7| (B3)

e B5. Conclude:
L £> L, (A3)
L5(7) or L(7) = E'Q(f)} forall 7 € dom £ (Thm. I11.4:7)
[ (P) m L(F) T Ly(7) ~ L4(F) or L(F) ~ Lh(#)]

impl. (Lem. II1.1:6, Lem. IIL.1:5)
forall # € dom L

impl. £(7) = Ly(7) forall # € dom L (WR|Starl, WR|Star2)

impl. £(p) = Ly(p) and L(q) = L,(q) and {E(f) = L4(7) forall # € dom E} (B3)

impl. £(p) % £3(p) and £(g) % Ly(q) and )

[£(7) = Ly(7) forall # € (dom L)\ {p, q}]
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e B6. Conclude:

[c2'V(L(p)) forall 7| and L(p) £5 £} (p) and L(p) = L)(p) and

(€'Y (L(q)) forall 7| and L(g) 225 £)(q) and L(q) = Lh(q) (B4, B2, B5)
impl. £(p) = L/ and Lj(p) 225 L” and (Thm. VII.2:2, Thm. VI1.2:3, 3L", 3L7)

£i(q) = Ly and Lj(q) 25 Ly
B7. Conclude:

C(L(7)) forall 7,7 forall # € dom L (A1)
impl. [CZ(L(7)) forall 77| forall € (dom £)\ {p, ¢} )
B8. Conclude:

€ (dom £) \ {p, ¢} (37)

impl. [Cﬁ( (7)) forall 77| and L(7) = £j(7) and L(7) = L}(F) (B7, B2, B5)
impl. £)(7) = L and L,(7) = L (Thm. VII.2:4, 3L")
B9. Conclude:

L2228 ! oand £ L (A2, A3)
impl. dom £ = dom £} and dom £ = dom L, (Thm. I11.4:5)
B10. Conclude:

Ly(7) = L"(7) and L)(7) = L'(#)] forall 7 € (dom £) \ {p, q} (3L")
impl. [£}(#) = £"(7) forall # € (dom L)\ {p,q}] and ()

L(7) 2 L"(7) forall # € (dom L)\ {p,q}]
impl. |£{() = L'(7) forall 7 € (dom £;) \ {p,q}| and (B9)

E'z(f) = L"(#) forall # € (dom £5) \ {p, q}}




Y THEOREM VII.3 151

Conclude:
[{E’l(p) = " and L)(p) Z= } for some L”] and (B6, B8)
Hﬁ’ () = L" and L)(q) 2= } for some L”] and
m () 2 L" and L5(F) = L”} for some L”} forall 7 € (dom L) \ {p, q}}

impl. £,(p) = £"(p) and L,(p) 2% £"(p) and (3L
Li(q) = L"(q) and Ly(q) 225 L"(q) and

impl.

impl.

impl.

impl.

impl.

impl.

impl.

impl.

impl.

[£i(7) 2 £'(7) and L}(7) = L"(7)] forall 7 € (dom £) \ {p, ¢}] and

dom £ = dom L”

Li(p) 2 L£'(p) and Ly(p) 22% £"(p) and (B10, B9)
Li(q) = L"(q) and Lj(q) == L"(q) and

[E’l(f) = L"(7) forall # € (dom L))\ {p, q}} and

|£5(7) 2 L(7) forall 7 € (dom L)) \ {p,q}| and

dom £} = dom £” and dom £}, = dom L”

£y £ and £, £=2L% £~ L (Thm. IV.2:2, Thm. IV.2:1, 3£3%)
Ly~ LS Ly~ L' and L) L2258 L3~ L] or (Defn. 1V.1, 3£, 3L, 37)
[z’ ~ L' and L) 2225 L5~ L]

Lonlr D Ll ~ .c;* and £, £=L5 257 or (Lem. I11.1:7)
:E’l ~ L'~ L5 and £, Z=£% E;*}

[ﬁ” ~ L~ L~ Ly and £ = LT and £} 2225 E;*] or (Thm. T11.3:4, 3211
L~ L~ L~ L5 and L) 2225 ﬁ**] or {E’ ~ L'~ Ly and [, L= 2’2‘*]

:ﬁﬁ ~ Ly and £ = L' and £, 2225 E**] (Lem. ITI.1:8)
£}~ L3 and £ 2225 L3

£~'1’ ~[! and £| = £" and £, =25 E"} or (3L, 3LY)
£, ~ LI and [, £=£5% E”}

[ﬁ’l’ ~ L! and £, < L' and [}, £=L% E”} or (WR|Tau, Defn. 1.3)
L, ~ £ and £, £=L% £ and TEA]

:£~’1’ ~L! and £, = L' and [}, =25 E”} or )
[ﬁ’l’ ~ L, and £} = L and p—q:U € AT} or

L~ [ and £, L=L% £7 and T € AT} or

_ﬁ’l ~ L, and p—+q:U,T € AT}
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QED.

Proof of 2.

e Al. [CL(L(F)) forall i,7| forall # € dom L

Conclude:

impl.

impl.

QED.

[cL(£(#)) forall i,#] forall 7 € dom £
£~’1’ ~L! and £, = L' and £, 2 Eg} or
[ﬁ’l’ ~ L, and L)L £/ and § € AT} or
L~ L) and £, L £} and 7 € A,| or
£y~ L} and §,7 € A,|

for some L/, L}
i forall [£ £ £} and £ = L))
Cl(L) forall j,7

[E—

Proof of 3.

o Al. [CL(L(7) forall 7,7 forall € dom L

o A2, ,C%,C/l

e A3. L= L)

e B1. Conclude:

L= L] and L= L}
impl. Hﬁ(f) = L1(F) or L(7) = L)(? )} forall 7 € domﬁ} and
[£(7) 25 L4(7) or L(7) = Ly(#)] forall # € dom L]

[£(7) & L(7) 2> LI(7) = Li(7) or L(7) ~ L1 (7)]]

I forall 7 € dom L |

|L(7) ~ L(7) 2> Ly(F) = Ly(7) or L(7) ~ Ly(7)]]
forall 7 € dom L

) = L|(#) forall # € dom L'} and
L(7) = L4(7) forall # € dom E}
impl. [£(7) = L£{(7) and L(7) = L}(7)] forall # € dom £

impl. and

=

=
>
~

152

(A1)

(Thm. VIL3:1)

(Defn. VIL.1)

(A2, A3)
(Thm. I11.4:7)

(Lem. II1.1:6, Lem. III.1:5)

(WR|Starl, WR|Star2)

)
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e B2. Conclude:

7 € dom L (37)
impl. [CZ(L(7)) forall #,%| and L(7) = L(7) and L(7) = L}(F) (A1, B1)
impl. £)(7) = L and L,(7) = L (Thm. VII.2:4, 3L")

e B3. Conclude:

L= L} and L= [} (A2, A3)
impl. dom £ = dom £] and dom £ = dom L, (Thm. I11.4:5)
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Conclude:

H (7)) = L" and L)(F) = L”] for some L"] forall 7 € dom L (B2)
impl. [[£}(7) = £'(7) and Ly(7) = L'(7)] forall # € dom £] and dom £ = dom L" (3L")
impl. |£{(7) = L'(7) forall # € dom £ and [£}(7) = L£'(7) forall # € dom £] and ®)

dom £ = dom £”
impl. [£}(7) 2 L'() forall # € dom £}] and [£}(7) = L"(7) forall 7 € dom £}] and (B3)

dom £} = dom £" and dom £, = dom £”
impl. £} = £" and £, = L" (Thm. TV.2:2)
impl. £} ~ £} = L' ~ L or L}~ L"] and (Defn. IV.1, 3£%, 3£+, 3L%, 3L, 37, I

Ly~ L2 Ly~ L or Ly~ L]
impl. [ L5 L/~ L%~ L" or Ly~ L~ L" or L)~ c} and (Thm. T11.3:4, 3£7, 3LY)

'z' 2 Ly~ Ly~ L or Ly~ Ly~ L or Ly~ L]
impl. £ 2 Li~ L or Ly~ L' and L) 2> Ly~ L or Ly~ L] (Lem. II1.1:8)
impl. £} = £{ ~ £" and £, = L}~ L] or )

impl.

impl.

impl.

impl.

QED.

'z' L [~ L" and L)~ ﬁ"] or
L, ~ " and L), 2 [~ L”] or
[5'1 ~ L' and Ly~ L]

Li~ L'~ L) and £} = L] and L) = L] or (Lem. 111.1:7)
z ~ L'~ Ly and £y 2 L)) or [£) ~ £~ L and £y 2 L4 or Ly~ L'~ L)

{E'l’ ~ L/ and £} 25 £’ and £, = E”} or (Lem. ITI.1:8)
L{~ Ly and L) 2 L] or £ ~ L and L) 2 Lf] or L}~ L}

L{~ L3 and £ 2 £} and £, 2 Lj] or (Defn. 1.3)

{ﬁ’l’ ~ L, and £, = £ and 1 € A ] or

L.~ and £, =% £} and 7 € A ]

:5’1 ~ L, and 1,7 € A }

{ﬁ'l' ~ Ly and £} = L] and £, = E”} or (WR|Tau)
£~'1’ ~ L, and £} = L) and 7, € AT] or

:E’l ~ L) and £, = L) and T, € AT] or

{E'l ~ L, and 7,7 € AT}
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Proof of 4.
o Al. {C:;(E(f)) for all %1,%2} forall 7 € dom L
Conclude:

[CL(L(7)) forall 7,7 forall # € dom L (A1)
M2 ~ £y and £} 2 £y and £, < £4] or |
[E’l’ ~ /[, and £} = " and 7 € AT} or
£~'1 ~ L/ and £, =5 L) and %, € AT} or

impl. |||F A (Thm. VIIL.3:3)
L)~ L, and 7,7 € A,
__ for some L}, L} __
i forall [£ <% £} and £ =2 £} ]
impl. CZ}(£) forall 7,7 (Defn. VIL.1)
QED.

Z Theorem VII.4
Proof of 1. By coinduction on {£ | v'(£(#)) forall # € dom L}:
e Step. obj € {£| v (L(7)) forall # € dom L}

e C1. Conclude:

\/(E(f)) forall # € dom L (3L)
impl. ( (7)) CHL(7) ] for all 7 € dom £ (Defn. VIIL.2)
forall [,7 forall 7,7,
impl. _[Cl ( L(#)) forall 17%} for all # € dom q and ()
[[CTl (L(7)) forall 7,7 forall # € dom L]
impl. [C{(L) forall §,7| and [CZ(£) forall 77| (Thm. VIL.3:2, Thm. VII.3:4)

e C2. Conclude:

/( C(7)) forall # € dom r:} and £ = L[p+— L'(p),q+— L(])] (3p, 39)
impl. |V (L(7)) forall 7 € (dom £)\ {§,7}] and ()
{ﬁ(A) L'(#) forall # € (dom £) \ {7, cj}} and dom £ = dom £’
impl. v (£'(7)) forall # € (dom £) \ {7, q}} and dom £ = dom £’ (-)

impl. \/(E (7)) forall 7 € (dom L")\ {p,q} ()



Z THEOREM VII.4 156

e C3. Conclude:

[/(ﬁ(f)) forall 7 € domﬁ] and 3L, 31, 3p, 3q)
v (L ') forall £(7) % I'] forall # € dom £| and
£(p) 12> £'(5) and £(3) & £(3) and £ = Llp+ £1(5),d+ £/(@)
impl. v (£'(p)) and v (£'(¢)) and )
[V (L(7)) forall 7 € dom £| and £ = L[p > L'(p), G+ L()]
impl. v (£'(5)) and v (£(9)) and |v'(£'(7)) forall 7 € (dom £') \ {5, G}] (C2)
impl. v (£'(#)) forall # € dom £’ ()

e C4. Conclude:

V(L(7) forall i € dom L] and L' = L[F > L'(7)] (37)
impl. | (L(7)) forall # € (dom £)\ {7}| and )
L(7) = L'(7) forall 7 € (dom £)\ {7}| and dom £ = dom £’
impl. | (L'(7)) forall # € (dom£)\ {r}] and dom £ = dom £’ (-)
impl. v (£'(7)) forall # € (dom £')\ {#} ()
e C5. Conclude:
[V (L(7)) forall 7 € domﬁ] and (37, 3F)

—
~—~

V(1) forall £(7) % /] forall # € dom L] and

L(7) D £'(F) and £ = L[F — L'(F)]
impl. v (£'(7)) and {\/(ﬁ(f)) for all 7 € dom q and L' = L[ — L'(7)] -)
impl. v (£'(7)) and [ (£'(7)) forall 7 € (dom £) \ {7}] (C4)
impl. v (£'(7)) forall # € dom £’ (-)
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e C6. Conclude:

{\/(/:’(f)) for all 7 € dom /:’} and

H (L)) forall £(F) % f/} forall 7 € dom EN} and
[ (L(7)) forall 7 € domq and
H (L) forall £(7) % ﬁ} forall 7 € domq and

b ) 1% £'() and £ = Llp s £(5),q - L)
for some [,,[,,p,q
[v(£(7) forall # € dom £] and
H\/(A') forall £(7) 2 IA/} forall 7 € dom q and
L(7) L L£'(7) and L' =

impl.

L(p) = L'(p) and L(g

for some 7,7

impl. v (L'(7)) forall # € dom £’

impl. £ € {£| v (£(?)) forall # € dom L}

e C7. Conclude:

v (L(#)) forall # € dom L
impl. { (L(#)) forall # € dom q and

[V (L) forall £(7) % /| forall # € dom L]
impl. £' € {£| v (L(?)) forall # € dom L} forall £ - £/

e C8. Conclude:

Le{L|v(L(#)) forall # € dom L}

impl. v (L£(#)) forall # € dom L

impl. |C(£) forall §,7| and [CZ(£) forall 7,7 and
[ﬁ’ e {L | v(L(?)) forall # € dom L} forall £ %

e C9. Conclude:

obj € {L | v (L(#)) forall # € domL} and obj=
impl. £ € {£ | v (L(?)) forall # € dom L}
impl. [CY(L) forall §,7| and [CZ(£) forall 7,7 and
)) forall # € dom £} forall £ -
Le{Ll|v(L(#)) forall # € domL}

[ﬁ'e{ﬁw( (7
)

impl. £ e v

L[F— L'(7)]

&
=

or

157

(3£, 3L, 3a)

or

(Defn. 111.2)

(C3, C5)
(=)

(3£)
(Defn. VIIL.2)

(C6)

(Defn. VII.2 = Coinduction)
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Conclude:

obj € {£ | v (L£(7)) forall # € dom L}
impl. obj € {£ | v (£(7)) forall # € dom £} and obj= L
impl. obj =L and L € v
impl. obj e v

QED.

Proof of 2.
e Al. Vv(L(r)) forall # € dom L

Conclude:

v (L(r)) forall # € dom L
impl. £ e {£| v (£(?)) forall # € dom L}
impl. v'(£)

QED.

AA Theorem VII.5
Proof of 1. By coinduction on {£; | £, ~ £, and v (£;)}:
e Step. obj € {Ly| L1 ~ Ly and v (L)}

e C1. Conclude:

L1~ L, and v (L))
impl. [, ~ £, and C{(£,)] forall 3,7| and
£~ £> and CJ(L))] forall 7,7
impl. {C ) forall g,7 } and {C:;(ENQ) for all %1,$2]

e C2. Conclude:
V(£,) and £, % £
impl. {\/(/3’1) forall £, = 2| and £, = £}
impl. v (L))

158

(Thm. VIL.4:1)

(3L, 3Ly)
(Defn. VII.2)

(Thm. VIIL.1:1)

(3L, 3L)
(Defn. VII.2)
)
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e C3. Conclude:

Ly~ Ly and v (£y) and Ly %5 2 (3L:, 3Ly, 3L, Fa)
impl. £} ~ £}, and v (£;) and £; = £}] or (Thm. 111.5:4, 3%
{Cl ~ L, and v( )}
impl. {EN’ ~ L, and v/( )} Ly~ L) and v (L, )} (C2)
impl. £, € {Ly| Ly~ Ly and v (£,)} (-)

e C4. Conclude:
Loe{Lly| L1~ Ly and v (L))} (3Ly)
lmpl El ~ EQ and \/(21) (321)
impl. [CY(L,) forall §,7| and [C2(L,) forall %1,%2] and (C1, C3)
{2,2 e {L, | L1~ L, and \/(E )} forall £, 2 E’]

e C5. Conclude:

obj € {Ly | L1 ~ Ly and v/ (£1)} and obj = L, (3Ly)
impl. £, € {£y | £y~ L, and v (L)} (=)
impl. {Cﬁ(ﬁg) for all g,ﬂ and {CTI(E ) for all 71,72] and (C4)
[ﬁ; e {L, | Ly~ L, and \/(E: )} forall £, 2 E’} and
£~2 € {22 ‘ 21 ~ 22 and \/([‘,1)}
impl. £, € v (Defn. VII.2 = Coinduction)
Conclude:
obj € {Ly| Ly ~ L, and /(EN )} (Step)
impl. obj € {£y | L1 ~ L, and v (£,)} and obj = L, (3L,)
impl. obj =L, and £y € vV (C5)
impl. obj € v (-)
QED.
Proof of 2.
o Al. £1 ~ LQ
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Conclude:

L1~ Ly and v (L)
impl. Ly € {£y| L, ~ Ly and v (£,)}
impl. v (L)

QED.

Proof of 3.
o Al. Ly =L
o A2. Vv (Ly)
Conclude:

Ly~ Ly and v (L)
impl. Lo~ £, and v/ (L)
impl. £, € {£, | Ly~ L, and v (L3)}
impl. v (£,)

QED.

AB Theorem VII.6
Proof of 1.

o Al. V(L)

e A2. L= L

e B1l. Conclude:

V(L)
impl. v (£) forall £ 2 £/

By induction on A2 (Defn. I11.2):

e Base. [WR|Base] £ = L'
Conclude:

v(£) and L = L
impl. v (L)

160

(A1, A2)
)
(Thm. VIL5:1)

(A1, A2)
(Lem. IT1.1:7)

)
(Thm. VIL5:1)

(A1)

(Defn. VII.2)

(A1, Base)
(B1)
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e Step. [WR|Pre] £ 5 L) = L
Conclude:
V(L) and L5 L,
impl. v'(£,)
impl. v (£;) and £; = L’
impl. v (L)
e Step. [WR|Post] £= £, = L

Conclude:

impl. v(£,) and £, = [

(
impl. v'(£,)

(

(£)

impl. v

e Step. [WR|Tau] £ = L
Conclude:
v(£) and L= L
impl. v (L)

QED.

Proof of 2.
o Al. \/([,)

e A2. L5 [
By case distinction on A2 (Defn. IV.1):

e Case. [WR|Starl] L~L"= L™~ L[

Conclude:

L~LS L%~ L and v (L)
impl. v (£*) and £* = L ~ [’
impl. £ ~ L' and v (L")

impl. v'(L')
e Case. [WR|Star2] L=~ [
Conclude:
L~ L and V(L)
impl. v (L)

QED.

161

(Step

(Induction

)
(1)
)
)

(A1, Step)
(Induction)
(Step)

1)

(B

(A1, Step)
(Induction)

(Case, A1)
(Thm. VIL5:2)
(Thm. VIL6:1)
(Thm. VIL5:2)

(Case, A1)
(Thm. VIL5:2)
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Proof of 3.
e Al. V(L)
e A2. L[]
e A3. L[]

Conclude:

v (L) (A1)
impl. CI(L) forall 7 (Defn. VII.2)
impl. [C4(£) forall 7| and £ < £] and £ = £} (A2, A3)
impl. £, = £” and £, % " (Thm. VII.2:1, ac")
QED.

Proof of 4.
e Al. V(L)
e A2. LS L)
e A3. L[]

Conclude:

V(L) (A1)
impl. CZ(L) forall 7,7 (Defn. VIL.2)
impl. [C(L) forall #,7%| and £ = £} and £ = £} (A2, A3)
impl. £; = £" and £, = L" (Thm. VII.2:4, ac")
QED.

AC Theorem VII.7

Proof of 1.
o Al1. VA(E)
o A2. L]
e A3. L|
e Ad. L[
By induction on A4 (Defn. I11.2):
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QED.

THEOREM VII.7

Base. [WR|Base] £ % L'
Conclude:

L]
impl. [not £ forall £ = £/
impl. not L]

impl. false

Step. [WR|Pre] £ 55 L* = L
Conclude:

|£]
impl. [not EH forall £ % [/
impl. not L]

impl. false

Step. [WR|Post] £= L* D [
Conclude:

v(£) and [£]| and L] and £ = L*
impl. false
Step. [WR|Tau] a=7 and L= L'
Conclude:

v(£) and [£] and L] and £ = L’

impl. false

Proof of 2.

o Al. V(L)
o A2. |L]

e A3. L]

e Ad. L2 [

By induction on A3 (Defn. I11.1):

163

—~
>
Y
S~— o ~—

(Defn. 11.4

(Step
(A3

(A1, A2, A3, Step)

(Induction)

(A1, A2, A3, Step)

(Induction)
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e Base. [WT|Base] L]

Conclude:
v(£) and |£] and £| and £ [’ (A1, A2 Base, A4)
impl. false (Thm. VIL.7:1)

e Step. [WT|Pre] £ 5 L")
e D1. Conclude:

L5 L (Step)
impl. £ = L* (WR|Base)

e D2. Conclude:

V(L) (A1)
impl. v'(£') forall £ -2 £ (Defn. VIL.2)
impl. v (L") (Step)

e D3. Conclude:

1£] (A2)
impl. |£'| forall £ % £/ (Defn. 11.4)
impl. [L*| (Step)
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QED.
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Conclude:
V(L) (A1)
impl. CJ(L) (Defn. VII.2)
£~'1’ ~ L) and £, = £ and £, 2 E’Q’} or|]
[ﬁ’l’ ~ L, and £} = L/ and g € AT} or
Ly~ L) and £, % £} and 7€ A,| or
impl. |||l 72 MG ST B ARET | (Defn. VIL1)
L1~ L, and g,7 € AT} ]
I for some L, L)) |
i for all {L’ 2 [ and LS EA’Q} l
impl. [ﬁ’l’ ~ L and £ = L/ and £* 2 Zg} or (A4, D1, 3£ 3LY)
LN'l’ ~L and £ = L) and g € A,] or
:E' ~ Ly and £* % L] and T € AT or [L’ ~L* and g¢,7 € AT}
impl. [ﬁ’l’ ~ Ly and £ = L] and L£* 2 E’Q’} or (Defn. 1.3)
L'~ and £* <% £} and T € A,]

impl. £* 2 )

)

impl. v (£*) and |£*] and £*|} and £* 2 ] (D2, D3, Step)

impl. false

Proof of 3.

Al. V(L)
A2. (L]
A3. L
A4, L= L

By induction on A3 (Defn. I11.1):

Base. [WT|Base] L|

Conclude:

(Induction)

v(£) and |£]| and £| and £ = L (A1, A2, Base, A4)

impl. false

Step. [WT|Pre] £ -5 L")

(Thm. VIL.7:1)
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e D1. Conclude:

L% L
impl. £L% L*
D2. Conclude:
v(£)
impl. v/ (£') forall £ -2 £’
impl. V(L")
D3. Conclude:
L£]
impl. |£'] forall £ % £/
impl. [£"]
D4. Conclude:

T Pl
L= Ll

impl. v (£*) and |£*] and £*| and L£* = L)

impl. £ |
D5. Conclude:

L'~ L) and L= L)
impl. £/ ~ £} and £}
impl. £~'1’ll

D6. Conclude:

L) ~L)and £ = L and L£* = L)
impl. £ & EYU
impl. £’}

D7. Conclude:

L~ L
impl. £ ~ £* and L*
impl. £/

D8. Conclude:

L'~ and L' & L]
impl. £' = L/
impl. £’
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(Step)
(WR|Base)

(A1)
(Defn. VIIL.2)
(Step)

(A2)
(Defn. I1.4)
(Step)

(3£3)
(D2, D3, Step)

(Induction)

(3L7, 3L5)
(D4)
(Thm. 111.5:2)

(3L1, 3Ly)
(D5)
(Thm. 111.2)

(3L7)
(Step)
(Thm. 111.5:2)

(3£7)
(D7)
(Thm. 111.2)
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e DI9. Conclude:

L'~ L) and L= L) (3LY)
impl. £ ~ £ and £ | (D4)
impl. £'| (Thm. I11.5:2)

e D10. Conclude:

£I ~ ,C*
impl. £ '~ £* and L") (Step)
impl. £’ (Thm. IT1.5:2)
Conclude:
v(£) (A1)
impl. C (L) (Defn. VII.2)

LY ~ L and L2 L) and L), = Eg} or|]
ﬁ’l’ ~ L, and £} < £ and T € AT} or
EA'l ~ L) and L), = L) and o € AT} or
£~ L, and 7,0 € AT}

for some L7, L5
i forall [£ & £ and £ L))
impl. £} ~ £} and £' % L] and £* = L] or (A4, D1, 327 3L4)
£~’1’ ~L* and £ = L] and 7 € AT} or
:E’ ~ Ly and £L* = £} and o € AT] or

[E’ ~L" and 1,0 € AT]

impl.

(Defn. VIL.1)

impl. [£/ ~ £/ and £ 2 £ and £* < Eg} or -)
Elll ~ L" and L' = Eﬂ or [E' R ,CNIQ' and £" = EN’Q’} or L' ~(*
impl. £ | (D6, D8, D9, D10)
QED.
Proof of 4.
e Al. V(L)
e A2. |[]

e A3. L
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e Ad. L= [

e B1. Conclude:
L~/L
impl. L~ /L and L]
impl. £’}
By case distinction on A4 (Defn. IV.1):
e Case. [WR|Starl] Lx~L"= L™~ [
e C1. Conclude:
L= LML
impl. v(£) and |£] and £l and £ = LT ~ £/

impl. £ ~ £ and LT
impl. £’

Conclude:
L~L= LY~ [
impl. L= LM ~L*~L or LrLY~ L

impl. £= LT~ or L~ L
impl. £’}

e Case. [WR|Star2] L=~ [’
Conclude:
L~/
impl. £'|

QED.

AD Theorem VIII.1
Proof of 1.

e Al. GI|R:R—~L

e A2. G4 &
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(A3)
(Thm. I11.5:1)

(3L
(A1, A2, A3
(Thm. VIL.7:3
(Thm. III.5:1

~— — — “—
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e B1l. Conclude:

GIIR:R—1L
impl. r(G) CR# 0 and fv(G) =0 and Det(G) and
[EC(G [ #) forall 7 € R

B2. Conclude:

e B4. Conclude:

Det(G)
impl. Det(G') forall G % &'
impl. Det(G’)

B5. Conclude:

G4 @
impl. (G |7) 4% (G'1#) forall 7 € R

e B6. Conclude:

EC(G | 7) forall 7 € R
impl. [EC(L) forall (G [7) & L] forall 7 € R
impl. EC(G' [ 7) forall 7 € R

Conclude:
r(G') CR#0 and fv(G') = 0 and Det(G’') and
[EC(G" | #) forall i € R
impl. G/ JR:R — L

QED.
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(A2)
(Defn. VIIL.1)

(B1, A2)
(Thm. 11.2)

(B1)
(Defn. 11.5)
(A2)

(A2)
(Thm. V.3:1)

(B1)
(Defn. VI.3)
(B5)

(B2, B3, B4, B6)

(Defn. VIIL.1)
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Proof of 2.
e Al. GITR:R—L
o A2. G 22T
e B1l. Conclude:

G 2=aY, p—q:U Iel
impl. (Grp)%(a’r p) and (G |q) 22299 (G’ 1 ¢) and

(G 17) 222U, (@ 17) forall 7€ R\ {p.q}]
impl. (G > < 'Ip) and (G [q) #5 (G q) and
[ ) G' | 7) for all TGR\{Z%Q}}

e B2. Conclude:

GIIR:R—L
impl. G| R={f+— G|#|#€R} and r(G) C R # 0

e B3. Conclude:

(@) C R and G 2225 ¢
impl. r(p—q:U)Ur(G') C R
impl. {p,q} Ur(G') C R
impl. {p,q} C R
impl. {p,q} CR and p,q€ R

e B4. Conclude:

GIIR:R—L and G =L
impl. G’ R:R—~1L
impl. G'|R={f— G |7 |7 € R}

B5. Conclude:

(G 1p) 2% (G 1p) and (G Tq) 2% (G 1¢) and p,ge R
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(A2)
(Thm. V.3:1)

(Defn. V.1)

(A1)
(Defn. VIIL.1)

(A1, A2)
(Thm. VIIL.1:1)
(Defn. VIIL1)

(B1, B3)

impl. {# > G[#|7e€R}p) 2% (G’ Ip) and {f+— G| 7|7 € R}q) 225 (G' | q) (-)

impl. {f— G |7|7e R} —= Eind LN {f—~G|?|FeR}Hp—G |pqg— G|

By case distinction:

e Case. R\ {p,q} =10

(R|Grp1)



AD THEOREM VIII.1 171

e C1. Conclude:

R\ {p,q} =10 (Case)
impl. R C {p.q} -)
impl. R C {p,q} and {p,q} C R (B3)
impl. R = {p,q} -)

Conclude:

(P Glr|reRY 2Z2EN (ps Gr7|FeRYp— G Ipg— G 14 (B5)
impl. {7 G 7|7 € R} 2225 (s G 7|7 € {pa}}lp— G Ip,g— G | (C1)
impl. {7 G [7|7€ R} 2% (p s Glpgr Glatlp— G Ip,g— G |q| (-)
impl. {# — G 7|feRY 2L (ps & I pg— G ¢} =)
impl. {Frs G 7|FeRY 22U (rs 67 17 | 7 e {pog)) )
impl. {# — G |#|7eR} =25 (75 G| 7|7 € R} (C1)
impl. (G I R) 2=2% (@' II R) (B2, B4)
impl. (G I R) 2=2% (G' I R) or (G| R) 2=2% £ L (G' | R) (3L)

e Case. R\ {p,q} #0
e D1. Conclude:
G L=l o (A2)

impl. p #q (Defn. 1.3)
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Conclude:
(G| 7) 2 (G ] 7) forall 7€ R\ {p,q}
impl. {7 — G |7 |7 e R}F) <22 (G’ |'#) forall # € R\ {p,q}

{rr—>G r|r€R}()
forall 7 € R\ {p,q}
p,qeR and G' [ p,G' g€ and p#q

=225 (G' |7
impl. (G17) and

e”

: (({F = G177 eRYpr G Ipgr G lg)F) 2 (G F
impl. R

I forall 7 € R\ {p,q} A
[({F e G| F € RYp e G Tpog s G 1))(F) <2 (G 17
impl.

I forall # € R\ {p,q}
({7 G 17 |7 €RYp— G Ipg— G 1)) = (G'I7)

i 1.
unp forall 7 € R\ {p,q}

|
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(B1)
)

(B3, Lem. V.1:2, D1)

| e
W

(WR|Base)

(WR|Tau, 37)

L [{F e GIA R e R G Ipam G L) S (G 1] (Gase)
pe I forall 7 € R\ {p,q}
R\ {p,q} #0 ]
impl. {f G |7 |feRp—G Ipqg—Glg= (Thm. IT1.4:3)
{F—>GI7|7eR}p— G Ipg— G lq qllf = G 17| 7€ R\ {p,q}]
impl. {rl—>G[7g|r€R}[pl—>G'[ q— G q = ()
{f G| |FeRYp—G|#]|FeR]
impl. {# > G |7 |7eRp—GIpqg—Glq={f—G||fecR} (-)
impl. {f— G |#]|#e R} 2=¢Y%, (B5)
{(f>GlP|PeRp—GIpqg—Glq= {%Ha/r%\%e}z}
impl. (G I R) Z=2% (G R)p— G Ipg— G 1qd = (G'IIR) (B2, B4)
impl. (G I R) 2=2% £ L (G' I R) (3L)
impl. (G I R) 2=%% (G' I R) or (G I R) =% £ 5 (G' ' R) ()
QED.
Proof of 3.
e Al. (G| R) 2=2Y% 1
e B1l. Conclude:
(G I R) =25 ¢ (A1)

impl. GTR:R—L and G[|R={f— G |7 |7 € R} and
r(G) C R# 0 and Det(G)

(Defn. VIII.1)
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e B2. Conclude:
Det(G)
impl. [} = G} forall [G % G} and T % Gy
e B3. Conclude:
G =05 &) and G 245 G
impl. G; = G;
impl. &), = G' =G|
e B4. Conclude:

(G T R) =2 ¢
L

impl. (G [I R)(p) 2% L(p) and (G [1 B)(0) 20, £(q)

impl. {# — G [#]|# € R}p) 2% £(p) and
{# = G 17| e R}q) 255 L(g)
impl. (G | p) 2% L(p) and (G | q) 2% L(q)
impl. (G [p) 2222, £(p) and (G [ q) 227 £(q)
impl. G 2249, G; and L(p) = ~; Ip and
G 224U G and L(g) =Gl g

impl. ¢ 222 & and L(p) =G |p and L(¢) =G’ | ¢

e B5. Conclude:

r(@) C R and G =2 &
impl. r(p—q:U)Ur(G') C R
impl. {p,q} Ur(G') C R
impl. {p,q} C R
impl. {p,¢} CR and p,q€ R

e B6. Conclude:
(G R) =2 ¢
impl. {# — G |7|7e R} 222 1
impl. £L={7— G |7 |7 e R}p— L(p),q— L(q)]

e B7. Conclude:
G L=el o
impl. G R:R —~L and G 2=%2% &
impl. G’ R:R—~L
impl. G'|R={r— G |7|Fc R}

173

(B1)
(Defn. 11.5)

(3G, 3GY)
(B2)
(3¢")

(A1)
(R|Grpl)
(Defn. VIIL1)

)
(Defn. V.1)
(Thm. V.3:2, 3G}, 3G")

(B3, 3G")

(B1, B4, 3G")
(Thm. I1.1)
(Defn. 1.6)

)
)

(A1)
(B1)
(R|Grpl)

(3¢
(B1)
(Thm. VIIIL1:1

)
(Defn. VIIL.1)
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By case distinction:

e Case. R\ {p,q} =10
e C1. Conclude:

R\{p,q} =0
impl. R C {p,q}
impl. R C {p,q} and {p,q} C R

impl. R = {p,q}

e C2. Conclude:

C
= {f = GI7|7€R}p— L(p),q— L(q)]
= {f = G[7|7€{p.a}}p— Lp). g~ L(q)]
={p—=Glp.g— Glatlp— L(p).q— L(q)]
= {p— L(p),a— L(a)}
= {r—= L(7) |7 €{p,a}}
= {r— L(7) |7 € R}

e C3. Conclude:

=G'pand L) =G |q

=G' |+ forall 7 € {p,q}
=G | forall # € R

impl. [£(7) = G’ | 7 forall # € R| and L = {# — L(#) | # € R}

impl. £L={f— G'|#|7¢cR}

e C4. Conclude:

G2=Y & and L(p) =G |p and L(¢) =G | g
impl. G 2=%Y% & and L= {f— G'|#|# € R}
impl. £L=G' | R

Conclude:

G 222U & and L(p) =G |p and L(¢) =G | ¢
impl. G 2=22Y% & and £L=G' || R
impl. ¢ 2% ¢ and [L=G'[IR or LZ G I R|

o Case. R\ {p.q} #0

174

(B4, 3G")
(C4)
(37)
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e D1. Conclude:

(Gl R) =45 L (A1)
impl. p #q (Defn. 1.3)
e D2. Conclude:
true (3@>
impl. (G [#) S (G 7) forall 7 € R\ {p,q} (Thm. V.3:1)
impl. {# — G| 7g|7a€R}() (G/[A) forall # € R\ {p,q} (-)
impl. (P G 17| 7€ RY(P) =0 (G19) and (B5, Lem. V.1:2, D1)
forall 7 € R\ {p,q}
p,qER and G' | p,G' [¢geL and p+#q
[P G R e RYp e G pag s G 1)) () S (G117 0
P I forall 7 € R\ {p,q}
g, [(F = G177 € RYp = G g € 1)) 5 (G117 ——
I forall # € R\ {p,q}
r/rA NI = =~ AN T ~ NN
popt [((F G117 € RYp s &1 = G 1)) 2 (617) R
forall # € R\ {p,q}
gt [(F 2 G IR IFE RYp = G g & 1)) L (G 1) Case
| forall 7 € R\ {p,q}
R\A{p,q} #0
impl. {f > G|7?|FreR}p— G Ipg—CGlq= (Thm. I11.4:3)
{Fr G177 €RYp— G 1pgm G 1qllf = G 17 |7 € R\ {p,q}]
impl. {#— G |7|FfeR}p— G Ipqg—Glq= (-)
{f—~G|F|FreRYp— G |7|7€R)
impl. {f =G |7 |7eR}p—G Ipqg—Glq={i—G|F|7eR} ()
e D3. Conclude:
L(p) =G Ip and L(g) =G Iq (3¢")
impl. L(p) =G'|p and L(q) =G’ | ¢ and (D2, 37)
(fsGlr|reRp— G Ipq—GlqdZ{f—G|f|feR}
impl. {rgGr%meR}[pH.c( ),q— L(q)] = {7+ G' | 7|7 €R} ()
impl. £ = {#— G' |7 |7 e R} (B6)
e D4. Conclude:
GE2=C% @ and L(p) =G [p and L(q) =G | ¢ (3G
impl. G 2 229U G and L {f— G| 7|7 € R} (D3, 37)

impl. £ = (G' I R) (B7)
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Conclude:

G 2=2Y, &' and Lp)=G pand L(q) =G |q
impl. G 2=%Y% & and £ = (G' I R)
impl. G 2% G’ and [£ = (G' [ R) or LS (G' [l R)|

QED.

AE Theorem VIII.2

Proof of 1.
e Al. (GIIR) =N
e B1. Conclude:

(GNTR)Z L
impl. (G| R)={f—G|7|7€cR)}
impl. dom(G [[ R) =dom {7 +— G |7 |7 € R}
impl. dom(G || R) = {7 |7 € R}
GIR) =R

impl. dom(

e B2. Conclude:

<G [fl,f1> = <G rfg,f2> for all r,T2 € R
(G | P, 79) forall r,79 € dom(G || R)

X

1mpl <G rfhfl)

e B3. Conclude:

(GNR) < L
impl. EC(G [ #) forall 7 € dom(G || R)
impl. EC(G | 7) forall 7 € dom(G || R)
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(B4, 3G")
(D4, 37)

(Al
(Defn. VIII.1
(-
<,

)
)
)
)
)

(Thm. V.4:2)
(B1)

(A1)
(Defn. VIII.1)
(B1)
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e B4. Conclude:

(GNR) & LS M2 Lor (GNR) X LT 5 £ (3T, 3L, 37, 3R)
(G [71,71) <X (G [ o, T2) | ([ (G [71,71) XA(G [ F9,79) |]
forall 71,75 € dom(G || R) forall r,7, € dom(G || R)
impl. [ EC(G | 7) ] or [ EC(G | 7) 1 (B2, B3)
and R and R
forall 7 € dom(G [| R) forall 7 € dom(G T R)
land (GTR) = LM S M2 2] | and (GIR) X LTS L

impl. [ﬁﬁ ~L* and (G| R) % £*Zs £ and LT 2 L} or

L~ £* and (G I R) % £* and LT 2 £] or
L~ L™ and (G| R) % £* 2 L] or

L~ L and (G I R) % E*} (Thm. V1.2:1, 3£*, 3£)
impl. (GIR) % L2 c** ~ LM L or (Lem. I11.1:7)

(GNR) L L*~LT 2 L or

(GNR) L LS L~ L or

(GIIR) L L~ L
impl. (GIIR) L L~L D LY~ LY~ LT LrL or (Lem. II1.1:6)

(GNR) L L ~LTZ La~L or

(GNR) L L' ~L" L L~ L or

(GINR) L L~ L
impl. (GIIR) L L =L Lor (GNR) L LS L (WR|Starl, WR|Star2)
impl. (G[|R) % LS L (Thm. IV.1:3)

e B5. Conclude:

(GNR) %L LML £ oor (G TR) L L (3L, I7)
impl. (GIR) %L LM~ LxLor (GIIR) L L~L (Lem. TI1.1:6)
impl. (GIIR) L LTS Lor (GIIR) L LS L (WR|Starl, WR|Star2)
impl. (G[|R) % LS L (3L%)

Conclude
(GIR)S L (A1)
impl. (G||R)= L and g ¢ A, (Defn. 1.3)
impl. (G| R) = £F % LT 2 £ or (Thm. 111.3:3, 3£T, 3L, 37, 3%)
(GNRZ LM% Lor (GINR) L LM Lor (GIIR) % L
impl. (GI|R) %L L*S L (B4, B5, 3L*)
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Proof of 2.

e Al. V(G| R)

A2. (Gl R) =N
B1. Conclude:

e B2. Conclude:
LI=CG IR or LT (G I R)
impl. £ ~ (G’ | R) or LI~ L1 =

impl. L' = (G’ || R)

e B3. Conclude:

(GITR)
impl. v (£') and £ = £ and LT =
impl. £= £* and (G' || R) = L*

Conclude:

GIIR) < L
GIIR) L LTS L
G R)—>£T=>Landeéé nd

impl.
impl.

=G 'R or LT =

I R)
impl. G % &' and £ = L£* and (&' C

TR) = L

AF Theorem VIII.3
Proof of 1.

e Al. LG

o« A2. G

(G' Il R) ~

5Lt S Loand [LP =G IR or LT 5
(G' Il R)
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(3LY)
(WR|Base)
(A1)
(Thm. VIL6:1)

(3G", 3LF, 37)

Lem. III.1:5, Lem. III.1:6
(

(WR|Star2, WR|Star1)

(G" Il R)

(3G", 3LF, 37)
(B1, B2)
(Thm. VIL.6:4, 3L*)

(G' 11 R)]

(A2)
(Thm. VIIL.2:1, 3£7)
(Thm. VIIL1:3, 3G", 37)

(B3, 3L%)
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e B1l. Conclude:
Lt G (A1)
impl. v (G [[ R) and |G || R] and (G | R) = £* and (Defn. VIIL.2, 3L*)
v(£) and |£| and £ = L*

e B2. Conclude:

Glrel forall € R (Lem. V.1:2)
impl. {#—>G|7|reR}={F—G|7|F€R} (-)
impl. dom{?f— G |#|7#€ R} =dom{f— G|7|7€R} (-)
impl. dom{7— G |[7|7fe€ R} ={F|7 € R} (-)
impl. dom{f— G |[7|F€R}=R (-)

e B3. Conclude:

V(G I R) (B1)

impl. G[|R={r— G |7 |7 € R} (Defn. VIII.1)
e B4. Conclude:

Gl (A3)
impl. (G|7)] forall 7 € R (Thm. V.2:1)
impl. (G |#)] forall 7 € dom{?— G |#|reR} (B2)
impl. {7g|_> G |7 |reR}#) | forall # edom{?— G|r|7e R} (-)
impl. (G || R)(#)] forall # € dom(G || R) (B3)
impl. (G| R)| (T|Grp)
impl. (GIR){ (WT|Base)

e B5. Conclude:

L~LD LMLy (3L* 3L, AL
impl. £~ L7 £ (Thm. 111.5:2)
impl. L~ L' (Thm. T11.2)
impl. £| (Thm. I11.5:2)

Conclude:
V(GIIR) and |G I R] and (G |[R)| and (G || R) = £* and (B1, B4, 3£*)
L= L
impl. £ = £* Y (Thm. VIL.7:4)
impl. L~ LS LM~ L or L~ L (Defn. 1V.1, 3L, 3LH, 37)
impl. £ (B5, Thm. II1.5:2)

QED.
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Proof of 2.
o Al. LixG
e A2. G L
e B1l. Conclude:
Lo G
impl. v (G [ R) and |G | R] and (G || R) = £* and
V(£) and [£] and £ = L*
e B2. Conclude:
V(G R)
impl. G[JR:R—1L

e B3. Conclude:

GIIR:R—L and G %L &
impl. (G[[R) % (G'II R) or (G R) % LTS (G R)
impl. (G| R) < (G'IIR) or (GIR)< LIS (G' I R)
impl. (G [ R) % (G' II R)

e B4. Conclude:
(GITR) = L
impl. v(G || R) and (G| R) < (G’ I R) and (G || R) = L*
impl. (G' || R) = L* and L* < L™
e B5. Conclude:
L LTS L a5 £
impl. L~ L' S L2 LM~ £ or ge A,
impl. £~ L' L LT L S o o
impl. £~ L L LT~ £
impl. £ Lix LT~ L™ or ge A,
impl. £ % [t~ LT~ L
impl. £ Ct~ L™
e B6. Conclude:
[ f* L o
impl. £L2 L'~ L" or g€ A,
impl. £ % Lt~ L™
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(A1)
(Defn. VIIL2, 3£%)

(B1)
(Defn. VIIL.1)

(B2, A2)

(Thm. VIIL.1:2, 3£F, 37)
(WR|Base)

(Thm. I11.3:2)

(3£7)

(B1, B3)

(Thm. VIL6:3, 3L*)

(3L+, 3L, 3L, LM, 37)
(Thm. T11.5:4, L)
(Defn. 1.3)

(Thm. I11.3:1)

(Thm. T11.5:4, 3L%)
(Defn. 1.3)
(Lem. II1.1:8)

(3L, 3L)
(Thm. I11.5:4, 3£F)
(Defn. 1.3)
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e B7. Conclude:
NN
impl. L~ L7 L LT~ 2L £* or
L~L2 L
impl. £ '~ L*
impl. £L% £ =
e B8. Conclude:
(GITR)= L* and L= L*
impl. (G'|R)= L* and L= L*Z L*
impl. (G'JR)= L* and £' = L™ and L2 [/
e B9. Conclude:

V(G R) and (G [l R) % (G' [l R)| and
[[GIIR] and (G | R) < (G' || R)|

impl. v(G' I R) and |G’ || R]

e B10. Conclude:

L[

impl. [ (£) and £ £/| and [[£] and £ £’

impl. v (£') and |£']

Conclude:

(G'ITR)= L* and L' = £ and L2 [/

impl. v(G' I R) and |G’ || R| and (G’ || R) = £* and

v(£) and [£'] and £' = £ and £ [
impl. G’ £ and £ < [/
QED.

Proof of 3. By coinduction on x:
e Step. obj €
e C1. Conclude:
GraL and G
impl. £|
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(A2, A3, 3L%, 3L™)
(Defn. V.1, 3£F, AL, 37)

(B5, B6, 3£')
(WR|Star2)

(B1, 3£%)
(B4, 3L*)
(B7)

(B1, B3)

(Thm. VIL6:1, Thm. 111.1)

(3£)
(B1)
(Thm. VIL6:1, Thm. 111.1)

(B6, 3L*)
(B9, B10)

(Defn. VIII.2)

(3G, 3L)
(Thm. VIIL3:1)
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e C2. Conclude:

G L and G L & (3G, 3¢, 3L, 37)
impl. G’ £’ and £ L [/ (Thm. VIII.3:2)
impl. |G’ £’ and £ % ﬁ’} or {CNJ’ < £ and § € AT} (-)
e C3. Conclude:

G L and G % & (3G, 3G, 3L, 3a)
impl. G £ and G %4 G and a=§ (Defn. 111.4, 37)

[[G' > £ and £ 2 [i’} for some E’} or
impl. and & =g (C2)

[G’NE and gEA}
impl. HG' > £ and £ 2 EN’} for some E} {G” > £ and & € AT} (-)
e C4. Conclude:

0bj € 1 and obj = (G, L) (3G, 3L)
impl. G L =)
impl. {G’¢ impl. ElL] and (C1, C3)

[[G’ 1 £ and £ Z’] for some ﬁ’} or

[G'>a £ and g€ A,| and G = L
forall G % G’
impl. G < L (Defn. I11.3 = Coinduction)
Conclude:

obj € (Step)
impl. obj € > and obj = (G, L) (Defn. VIIL.2, 3G, 3L)
impl. obj = (G, £) and (G, L) € < (C4)
impl. obj € < ()

QED.

AG Theorem VIII.4
Proof of 1.

e Al. L' (@

o A2. L]
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e B1l. Conclude:
Lt G
impl. v(G I R) and |G || R] and (G || R) = £* and
v(£) and |£| and £L = L*
e B2. Conclude:
V(GITR)
impl. V(G |IR) and G||R:R =L and fv(G) =0
e B3. Conclude:
L
impl. £

e B4. Conclude:

(GNR) ~ Lt LT~ L7y
impl. (G| R)~ L' L Ly
impl. (GIIR)~L|
impl. (G I R){

(GITR)= L* and v (£) and |£] and £ and £ = £*
impl. (G| R)= L*|
impl. (GIIR)~L' = LT~L*| or (GI|R)~L"|
impl. (G[R){
Conclude:
not G|
impl. G [[ R:R — 1L and fv(G) =0 and [not G ||
impl. G|R:R—L and G % G
impl. (G [IR) % (G'II R) or (GIIR) % L (G I R)
impl. (G [| R) & (G’ r R) or (GIIR) < £* % (G'II R)
impl. (G [ R) < (G' I R)

impl. v (G || R) and |G| R] and (G| R){ and (G| R) < (G' I R)

impl. false

QED.
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(A1)
(Defn. VIIT.2, 3£*)

(B1)
(Defn. VIIL.1)

(A2)
(WT|Base)

(3L*, 3L, 3L
(Thm. 111.5:2

)
)
(Thm. 111.2)
(Thm. 111.5:2)

(B1, B3, 3L*
(Thm. VIL7:4

)
)
(Defn. 1V.1, 3LF, LM, 37)
)

(B4, Thm. I11.5:2

(B
(Thm. 11.3, 3G", 3

[\

(Thm. VIIL.1:2, 3£*, 3

(Thm. 111.3:2

(B1, B5

)
39)
37)
(WR|Base)
)
)
(Thm. VIL.7:2)
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Proof of 2.
e Al. L' @

e A2. L L
e B1. Conclude:
Lt G

impl. v (G [ R) and |G | R] and (G || R) = £* and

V(£) and [£] and £ = L*
e B2. Conclude:
Lo
impl. £ 2 [
e B3. Conclude:
LS L
impl. v/(£) and £ < £ and £ = L*
impl. £'= £" and L* < "

e B4. Conclude:

(GNR) ~ L= LT~ L2 L
impl. (GIR)~L' = LITL LT~ L" or g€ A,
impl. (G| R)~ LI = LITL LT~ L
impl. (G| R)~ L2 LMt~ "
impl. (GIR)Z Lt~ LT~ L" or g€ A,
impl. (GIR)< Lt~ LT~ L"
impl. (G[IR)< Lt~ L"

e B6. Conclude:
LPS L" and £~ L
impl. £~ (' L
impl. "= P 2"
impl. L= L
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(A1)
(Defn. VIIL2, 3£%)

(A2)
(WR|Base)

(3£7)
(B1, B2)
(Thm. VIL6:3, 3£")

(3L, 3L*, 3L, 3L, 37)
(Thm. II1.5:4, L)
(Defn. 1.3)

(Thm. I11.3:1)

(Thm. I11.5:4, 3£Y)
(Defn. 1.3)
(Lem. II1.1:8)

(3L", 3L
(Thm. T11.5:4, 3L£%)
(Defn. 1.3)

(2", 30, 30
(Lem. II1.1:7)
(WR|Star2)
(Thm. IV.1)
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e B7. Conclude:

(GIIR)
impl. (G || R)
impl. (GIIR)~L' = LT~L"2 L" or
(GIIR)
(GITR)

impl.
impl. v(GIR) and (G||R) < Li~L"
impl. G % &' and (G' || R) = £” and

L8 = L7 and LY~ L"
impl. G %
e B&. Conclude:

(G R)Z £ and £ = [

impl. (G|R)= £L*% £" and £ = L'
impl. G % &' and (G

impl. G % G’ and (&'

e B9. Conclude:
V(G IIR)
impl. G][TR:R—L
e B10. Conclude:

G4 G
impl. GR:R—L and G % G’

G' and (G'[|R) = L£"” and L' = L”

TR)= L" and L' = L' = L"
TR)= L" and £ = L"

impl. (GIR) % (G'IIR) or (GIIR) % LTS (G'IIR)

impl. (Gl R)< (G’ I R)

impl. [V (G [l R) and (G || R) < (
[[GIIR| and (G [l R) £ (G' I R)]

impl. v (G' | R) and |G’ || R]

e B11l. Conclude:

[V(£) and £ £] and [|£] and £ 2

impl. v (£') and ||

"Il )| and

impl. (G | R)< (G'IIR) or (GIIR) % LTS (G'II R)
(e

El
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(3L, 3L%)
(B5)
(Defn. 1V.1, 3L, 3LH, 37)

(B4, B5, 3LY)
(B1)
(Thm. VIIL.2:2, 3G, 3L")

(B6)

(3£7)

(B3, 3£
(B7, 3G, 3L")
(Thm. TV.1:3)

(B1)
(Defn. VIIIL.1)

ac)
(B9)

(Thm. VIIL1:2, 377, 37)
(WR|Base)

(Thm. I11.3:2)

(B1)

(Thm. VIIL.6:1, Thm. I11.1)

(B1, B2)
(Thm. VIL6:1, Thm. 111.1)



AG THEOREM VIII.4 186

Conclude:

(GITR)= L* and L= L* (B1, 3£%)
impl. (G'I/R)= £"” and £' = £"” and G % G (B8, 3G, 3L")
impl. v (G’ I R) and |G’ || R| and (G’ ]| R) = £" and (B10, B11)

v(£) and |£'] and £' = £” and G % G’
impl. £ >’ G’ and G < & (Defn. VIII.2, WR|Base)

QED.

Proof of 3.
e Al. L@
e A2. L 5[
e B1l. Conclude:
Lot @ (A1)

impl. v (G [ R) and |G | R] and (G || R) = £* and (Defn. VIIL.2, 3L%)
v(£) and |£| and £ = L*

B2. Conclude:

L L (A2)
impl. £ = [’ (WR|Base)
impl. L~ L= L' ~ [ (Lem. III.1:6)
impl. £= £/ (WR|Star1)

B3. Conclude:

L= L (3L
impl. v(£) and £ = £* and £ = [ (B1, B2)
impl. £* = £" and £ = L" (Thm. VIIL.6:4, 3£")

e B4. Conclude:
(GITR)= £* and L= L (B1, 3£%)
impl. (GI|R)= L*= L" and £ = L" (B3, 3L")
impl. (G|R)= £" and £ = L (Thm. TV.1:3)
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e B5. Conclude:
v (L) and | L]
impl. [v(£') forall £ % £/ and [|£'] forall £ % £']
impl. v (£') and [L']
Conclude:

V(GIIR) and |G I R] and (G || R) = £" and
v(£) and |£'] and £ = L"
impl. £ <t G

QED.

Proof of 4. By coinduction on x<:
e Step. obj € <
e C1. Conclude:
Li<'G and L]
impl. G|
e C2. Conclude:
LG and L% L
impl. £ <! G’ and G & G
impl. |£' <! G’ and G C?’} or {E’ <! G and § € A,

<

N
N
e C3. Conclude:
Lx'G and £ D L
impl. £ <! G
impl. £' <! G and 7 € A,
impl. [£ =<' G’ and G = é'} or {[ﬁ’ <! G and 7 € A,
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(B1)
(Defn. VIIL.2, Defn. 11.4)
(A2)

(B1, B4, B5, 3£")

(Defn. VIII.2)

(3G, 3L)
(Thm. VIIL4:1)

(3£, 3£, 3G, 37)
(Thm. VIII.4:2)
=)

(3£, 3L, 3G, 37)
(Thm. VIII.4:3)
(Defn. 1.3)

)
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e C4. Conclude:

impl.

impl. Hﬁ’ ' G and G 2 é’} for some G’} or {E’ <t G anc_l a € AT}

Lo G and j € A,

[ﬁ’ >l G and 7 € AT]

e C5. Conclude:

impl.
impl.

impl.

Conclude:

obj € ! and obj =
Ll G
{ENL impl. @l}} and

(£.G)

[[ﬁ’ <1 ¢ and G 2 @’] for some @/} or

[ﬁ’ <l G and & ¢ AT]
forall £ % [/

L<G

0bj € !

impl. obj € ! and obj = (£
impl. obj =

(£,G) and (L,G)

impl. obj) € <

QED.

AH Theorem VIII.5

Proof of 1.
G L

Conclude:

impl. >, € < and G > L/

impl. G =~ [
QED.

Hﬁ' <! G’ and G 2 G’} for some C?’} or

Hf' <! G’ and G = @'} for some é'} or
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(3£, 3£', 3G, 3a)
(Defn. I11.4, 3g, 37)

and & =g| or (C2, C3)
and a =7

()

(3G, 3L)

()

(C1, C4)

and Lt G
(Defn. 111.3 = Coinduction)

(Step)

(Defn. VIIIL.2, 3G, 3L)
(C5)

()

(3G, 3L)
(Thm. VIIL3:3, Thm. VIIL.4:4)
(Defn. 111.4)
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Proof of 2.

o Al. V(GIIR)

o A2.

Conclude:

impl.
impl.
impl.

impl.

QED.

G I R]

(GITR)= (G R) and
(G R) = L* and

189

(A1)

(Thm. 1V.1:2)
(3£7)

(Defn. VIII.2)
(Thm. VIIL5:1)
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